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We study the dynamics of a one-dimensional run and tumble particle subjected to confining poten-
tials of the type V (x) = α |x|p, with p > 0. The noise that drives the particle dynamics is telegraphic
and alternates between ±1 values. We show that the stationary probability density P (x) has a rich
behavior in the (p, α)-plane. For p > 1, the distribution has a finite support in [x−, x+] and there
is a critical line αc(p) that separates an active-like phase for α > αc(p) where P (x) diverges at
x±, from a passive-like phase for α < αc(p) where P (x) vanishes at x±. For p < 1, the stationary
density P (x) collapses to a delta function at the origin, P (x) = δ(x). In the marginal case p = 1,
we show that, for α < αc, the stationary density P (x) is a symmetric exponential, while for α > αc,
it again is a delta function P (x) = δ(x). For the special cases p = 2 and p = 1, we obtain exactly
the full time-dependent distribution P (x, t), that allows us to study how the system relaxes to its
stationary state. In addition, in these two cases, we also study analytically the full distribution
of the first-passage time to the origin. Numerical simulations are in complete agreement with our
analytical predictions.
I. INTRODUCTION
There has been a surge of interest in understanding the
statics and the dynamics of a class of non-equilibrium
systems, commonly called “active matter”. Such sys-
tems appear in a variety of contexts ranging from self-
catalytic colloids [1], living cells, biological processes, in
the growth of microbial colonies [2], in the physics of self-
motile systems [2], active gels [3], motility induced phase
transition [4] to flocking of birds [5]. While the collective
properties of such systems are of great interest [1, 6, 7],
they exhibit a rich static and dynamical behaviour even
at a single-particle level. This is due to the fact that
the single-particle stochastic dynamics is typically non-
Brownian: the effective noise in the Langevin equation
of an active particle is typically “coloured”, i.e., the au-
tocorrelation of the noise decays exponentially ∼ e−t/τ
with a finite correlation time τ . The limit τ → 0 would
correspond to the Brownian motion, while the τ → ∞
limit corresponds to purely ballistic motion.
The most common example of such an active particle
dynamics is the well known “persistent Brownian mo-
tion”, renamed recently as the “run and tumble particle”
(RTP). In one-dimension, the overdamped stochastic dy-
namics of an RTP, starting at x = x0, is governed by the
Langevin equation
dx
dt
= v0 σ(t), (1)
where the noise η(t) = v0 σ(t) is a dichotomous or tele-
graphic noise which takes values ±v0 and flips its sign
with a constant rate γ, as shown in Fig 1. The auto-
correlation function of this telegraphic noise is given by
〈η(t1)η(t2)〉 = v20 e−2γ |t1−t2| . (2)
In the limit γ →∞, v0 →∞ keeping the ratio v20/(2γ) =
D fixed, the noise η(t) becomes a white noise with corre-
lator 〈η(t1)η(t2)〉 = 2D δ(t1 − t2) and consequently x(t)
represents the position of a Brownian particle. The prob-
ability distribution P (x, t) of the particle’s position is
known exactly [8–10]. Very recently, the first-passage
properties were also computed exactly [11].
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FIG. 1. A typical realisation of the telegraphic noise σ(τ),
which alternates its value between ±1 at random times τi’s.
The time intervals between two successive reversals of the sign
of σ(τ) are statistically independent and each is distributed
exponentially as p(τ) = γe−γτ .
What happens if this RTP is subjected to an external
potential V (x)? The corresponding Langevin equation
now reads
dx
dt
= f(x) + v0 σ(t), (3)
where f(x) = −V ′(x) is the external force. Once again,
in the Brownian limit, when γ → ∞, v0 → ∞ keeping
the ratio v20/(2γ) = D fixed, the probability distribu-
tion P (x, t) converges at long times to the equilibrium
Boltzmann-Gibbs distribution P (x) ∝ e−V (x)/D. How-
ever, when the correlation time of the noise τ = 1/(2γ)
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2is finite, i.e. the noise has a finite memory, the stationary
state P (x) is nontrivial and is typically non-Boltzmann.
While an explicit formula is known for this P (x), orig-
inally derived in the quantum optics literature [12–16]
and re-derived more recently in the active-matter litera-
ture (see for instance the Appendix in [17]), the structure
of the stationary state has not been analysed in detail for
different types of potentials. One of the goals of this pa-
per is to study this stationary state for a class of confin-
ing potentials of the type V (x) = α |x|p with p > 0 and
α > 0. Indeed, keeping γ fixed, and varying p and α, we
uncover an interesting phase diagram in the (p, α) plane.
For p > 1, we show that while the stationary solution has
a finite support for any α, there is a critical line αc(p)
α = αc(p) =
(
v0
p
)2−p(
γ
p(p− 1)
)p−1
, (4)
such that for α < αc(p) the stationary state distribution
vanishes at the edges, while for α > αc(p) the distribution
diverges at the edges. Thus, while for α > αc(p) the
particle behaves more like an “active” one, it behaves
more as a “passive” particle for α < αc(p). We call this
transition from the active to the passive phase across
α = αc(p) a “shape transition” of the stationary profile.
The behaviour of P (x) around x = 0 depends on p and
is also interesting. We find that for 1 < p < 2, the
function P (x) near the origin is convex (i.e., there is a
local minimum at x = 0) while for p > 2 it is concave
(i.e., there is a local maximum at the origin), irrespective
of whether α > αc or α < αc. A weak fingerprint of
activeness is thus manifest, for 1 < p < 2, even in the
passive phase, leading to bimodal distributions (see for
instance Fig. 7). For p < 1, we show that the RTP
collapses to the origin at long times, leading to trivial
stationary state P (x) = δ(x). The case p = 1 turns out
to be the marginal case. In this case there is a nontrivial
stationary state only for α < v0, while the stationary
distribution is again P (x) = δ(x) for α > v0. These
results lead to the phase diagram shown in Fig 2.
In the presence of the external confining potential
V (x), it is also equally interesting to study the dynamics
of the system away from the stationary state, i.e., how the
system relaxes to the stationary state at long times. For
a simple hard-box potential, where the RTP is confined
inside a finite box, e.g. when V (x) = 0 for x ∈ [−1, 1]
while V (x) = +∞ outside the box, this relaxation to the
stationary state was recently studied in Ref. [11]. This
case corresponds to the p → ∞ limit of the potential
V (x) = α |x|p. It is thus interesting to study the relax-
ational dynamics for a finite value of p. In this paper, we
provide a detailed study of the relaxational dynamics for
the case p = 2, i.e. the harmonic potential V (x) = αx2
with α = µ/2. Interestingly, our results show that, if
the particle starts exactly at the origin, i.e., x0 = 0, the
inverse relaxation time λ0 characterizing the exponential
decay of P (x, t)−P (x) ∼ e−λ0 t to its stationary distribu-
tion undergoes a transition at α = γ: for α > γ (passive
phase) λ0 = µ + 2γ, while for α < γ (active phase) we
show that λ0 = 2µ (see Fig. 10 ). For a generic starting
point x0 6= 0, the inverse relaxation time is always given
by µ. Thus if one wants to detect the signature of active
to passive transition in the relaxational dynamics, one
needs to start at the special initial position x0 = 0.
Another related interesting observable is the first-
passage probability Ffp(t, x0) which denotes the proba-
bility density that the RTP, starting at x0 > 0, crosses
the origin for the first time at time t. For arbitrary con-
fining V (x), there exist extensive results in the literature
on the mean first-passage time [18, 19]. However, there
is hardly any result on the full distribution of the first-
passage time. Only very recently exact results were ob-
tained for a free RTP, i.e. for f(x) = 0, as well as for
the box potential [11]. In this paper, we present exact
results for Ffp(t, x0) for two cases p = 2 and p = 1.
The rest of the paper is organised as follows. In Sec-
tion II, we provide a derivation of the steady state prob-
ability density for arbitrary confining potential V (x) and
then discuss the form of the stationary distribution for
potentials of the form V (x) = α |x|p, with p > 0. We
show that there is a shape transition in the (p, α)-plane
from an active profile to a passive profile across a criti-
cal line αc(p). The resulting phase diagram is shown in
Fig. 2. In Section III, we discuss the relaxation to the
steady state for the harmonic potential p = 2. First-
passage properties for this harmonic case are discussed
in Section IV. We conclude in Section V with a summary
and open questions. Some details have been relegated to
two Appendices. In Appendix A we provide some details
of the calculations of the first-passage properties for the
harmonic case p = 2. In Appendix B we briefly discuss
the stationary-state, relaxation to the stationary state as
well as the first-passage properties for the marginal case
where V (x) = α |x|.
II. STEADY STATE DISTRIBUTION
We consider the Langevin equation (3) for a particle
moving in an arbitrary confining potential V (x) with the
force f(x) = −V ′(x) and subjected to the telegraphic
noise v0 σ(t). For sufficiently confining potential, e.g.
V (x) = α |x|p with p > 1, the system reaches a station-
ary state at long times. This steady state distribution is
actually known for generic confining potential V (x). It
was initially derived in the quantum optics literature [12–
15], later to study the role of colored noise in dynamical
systems [16] and more recently it has been re-derived in
the context of active particles systems [17]. Even though
an explicit formula existed for the stationary state, the
physical consequences of this formula has not been anal-
ysed in detail in the literature, to the best of our knowl-
edge. In this section, we re-derive this formula and dis-
cuss its implications for confining potentials of the type
V (x) = α |x|p. One of the interesting outcomes of our
analysis is a novel shape transition in the (p, α) plane,
for a fixed γ (see Fig. 2).
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<latexit sha1_base64="b 5ulCI2WKEQWjw0hVtW1mfjQVlg=">AAAB6nicbZA9TwJ BEIbn8AvxC7W02QgmVuSORksSG0uM8pHAhewtc7Bhb++y u2eCF36CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rf juFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsElt gw3AruJQhoFAjvB5GZe7zyi0jyWD2aaoB/RkeQhZ9RY67 76VB2UK27NXYisg5dDBXI1B+Wv/jBmaYTSMEG17nluYvy MKsOZwFmpn2pMKJvQEfYsShqh9rPFqjNyYZ0hCWNlnzR k4f6eyGik9TQKbGdEzViv1ubmf7VeasJrP+MySQ1Ktvwo TAUxMZnfTYZcITNiaoEyxe2uhI2poszYdEo2BG/15HVo1 2ue5bt6pVHP4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhv DjvzseyteDkM6fwR87nD5uOjUg=</latexit><latexit sha1_base64="b 5ulCI2WKEQWjw0hVtW1mfjQVlg=">AAAB6nicbZA9TwJ BEIbn8AvxC7W02QgmVuSORksSG0uM8pHAhewtc7Bhb++y u2eCF36CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rf juFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsElt gw3AruJQhoFAjvB5GZe7zyi0jyWD2aaoB/RkeQhZ9RY67 76VB2UK27NXYisg5dDBXI1B+Wv/jBmaYTSMEG17nluYvy MKsOZwFmpn2pMKJvQEfYsShqh9rPFqjNyYZ0hCWNlnzR k4f6eyGik9TQKbGdEzViv1ubmf7VeasJrP+MySQ1Ktvwo TAUxMZnfTYZcITNiaoEyxe2uhI2poszYdEo2BG/15HVo1 2ue5bt6pVHP4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhv DjvzseyteDkM6fwR87nD5uOjUg=</latexit><latexit sha1_base64="b 5ulCI2WKEQWjw0hVtW1mfjQVlg=">AAAB6nicbZA9TwJ BEIbn8AvxC7W02QgmVuSORksSG0uM8pHAhewtc7Bhb++y u2eCF36CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rf juFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsElt gw3AruJQhoFAjvB5GZe7zyi0jyWD2aaoB/RkeQhZ9RY67 76VB2UK27NXYisg5dDBXI1B+Wv/jBmaYTSMEG17nluYvy MKsOZwFmpn2pMKJvQEfYsShqh9rPFqjNyYZ0hCWNlnzR k4f6eyGik9TQKbGdEzViv1ubmf7VeasJrP+MySQ1Ktvwo TAUxMZnfTYZcITNiaoEyxe2uhI2poszYdEo2BG/15HVo1 2ue5bt6pVHP4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhv DjvzseyteDkM6fwR87nD5uOjUg=</latexit><latexit sha1_base64="b 5ulCI2WKEQWjw0hVtW1mfjQVlg=">AAAB6nicbZA9TwJ BEIbn8AvxC7W02QgmVuSORksSG0uM8pHAhewtc7Bhb++y u2eCF36CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rf juFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsElt gw3AruJQhoFAjvB5GZe7zyi0jyWD2aaoB/RkeQhZ9RY67 76VB2UK27NXYisg5dDBXI1B+Wv/jBmaYTSMEG17nluYvy MKsOZwFmpn2pMKJvQEfYsShqh9rPFqjNyYZ0hCWNlnzR k4f6eyGik9TQKbGdEzViv1ubmf7VeasJrP+MySQ1Ktvwo TAUxMZnfTYZcITNiaoEyxe2uhI2poszYdEo2BG/15HVo1 2ue5bt6pVHP4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhv DjvzseyteDkM6fwR87nD5uOjUg=</latexit>
P (z)
<latexit sha1_base64="b1/twSjS0guXp+AKCN XZGq8nj6E=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8FWqJsyUwq6LLhxWcFeoB1KJs20sZlkSDJCHf oOblwo4tb3cefbmLaz0NYfAh//OYec8wcxZ9q47reT29jc2t7J7xb29g8Oj4rHJ20tE0Voi0guVTfAm nImaMsww2k3VhRHAaedYHIzr3ceqdJMinszjakf4ZFgISPYWKtdblaeLsuDYsmtuguhdfAyKEGm5qD 41R9KkkRUGMKx1j3PjY2fYmUY4XRW6CeaxphM8Ij2LAocUe2ni21n6MI6QxRKZZ8waOH+nkhxpPU0C mxnhM1Yr9bm5n+1XmLCaz9lIk4MFWT5UZhwZCSan46GTFFi+NQCJorZXREZY4WJsQEVbAje6snr0K5V Pct3tVKjnsWRhzM4hwp4cAUNuIUmtIDAAzzDK7w50nlx3p2PZWvOyWZO4Y+czx8Bz44J</latexit><latexit sha1_base64="b1/twSjS0guXp+AKCN XZGq8nj6E=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8FWqJsyUwq6LLhxWcFeoB1KJs20sZlkSDJCHf oOblwo4tb3cefbmLaz0NYfAh//OYec8wcxZ9q47reT29jc2t7J7xb29g8Oj4rHJ20tE0Voi0guVTfAm nImaMsww2k3VhRHAaedYHIzr3ceqdJMinszjakf4ZFgISPYWKtdblaeLsuDYsmtuguhdfAyKEGm5qD 41R9KkkRUGMKx1j3PjY2fYmUY4XRW6CeaxphM8Ij2LAocUe2ni21n6MI6QxRKZZ8waOH+nkhxpPU0C mxnhM1Yr9bm5n+1XmLCaz9lIk4MFWT5UZhwZCSan46GTFFi+NQCJorZXREZY4WJsQEVbAje6snr0K5V Pct3tVKjnsWRhzM4hwp4cAUNuIUmtIDAAzzDK7w50nlx3p2PZWvOyWZO4Y+czx8Bz44J</latexit><latexit sha1_base64="b1/twSjS0guXp+AKCN XZGq8nj6E=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8FWqJsyUwq6LLhxWcFeoB1KJs20sZlkSDJCHf oOblwo4tb3cefbmLaz0NYfAh//OYec8wcxZ9q47reT29jc2t7J7xb29g8Oj4rHJ20tE0Voi0guVTfAm nImaMsww2k3VhRHAaedYHIzr3ceqdJMinszjakf4ZFgISPYWKtdblaeLsuDYsmtuguhdfAyKEGm5qD 41R9KkkRUGMKx1j3PjY2fYmUY4XRW6CeaxphM8Ij2LAocUe2ni21n6MI6QxRKZZ8waOH+nkhxpPU0C mxnhM1Yr9bm5n+1XmLCaz9lIk4MFWT5UZhwZCSan46GTFFi+NQCJorZXREZY4WJsQEVbAje6snr0K5V Pct3tVKjnsWRhzM4hwp4cAUNuIUmtIDAAzzDK7w50nlx3p2PZWvOyWZO4Y+czx8Bz44J</latexit><latexit sha1_base64="b1/twSjS0guXp+AKCN XZGq8nj6E=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8FWqJsyUwq6LLhxWcFeoB1KJs20sZlkSDJCHf oOblwo4tb3cefbmLaz0NYfAh//OYec8wcxZ9q47reT29jc2t7J7xb29g8Oj4rHJ20tE0Voi0guVTfAm nImaMsww2k3VhRHAaedYHIzr3ceqdJMinszjakf4ZFgISPYWKtdblaeLsuDYsmtuguhdfAyKEGm5qD 41R9KkkRUGMKx1j3PjY2fYmUY4XRW6CeaxphM8Ij2LAocUe2ni21n6MI6QxRKZZ8waOH+nkhxpPU0C mxnhM1Yr9bm5n+1XmLCaz9lIk4MFWT5UZhwZCSan46GTFFi+NQCJorZXREZY4WJsQEVbAje6snr0K5V Pct3tVKjnsWRhzM4hwp4cAUNuIUmtIDAAzzDK7w50nlx3p2PZWvOyWZO4Y+czx8Bz44J</latexit>
z
<latexit sha1_base64="b 5ulCI2WKEQWjw0hVtW1mfjQVlg=">AAAB6nicbZA9TwJ BEIbn8AvxC7W02QgmVuSORksSG0uM8pHAhewtc7Bhb++y u2eCF36CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rf juFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsElt gw3AruJQhoFAjvB5GZe7zyi0jyWD2aaoB/RkeQhZ9RY67 76VB2UK27NXYisg5dDBXI1B+Wv/jBmaYTSMEG17nluYvy MKsOZwFmpn2pMKJvQEfYsShqh9rPFqjNyYZ0hCWNlnzR k4f6eyGik9TQKbGdEzViv1ubmf7VeasJrP+MySQ1Ktvwo TAUxMZnfTYZcITNiaoEyxe2uhI2poszYdEo2BG/15HVo1 2ue5bt6pVHP4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhv DjvzseyteDkM6fwR87nD5uOjUg=</latexit><latexit sha1_base64="b 5ulCI2WKEQWjw0hVtW1mfjQVlg=">AAAB6nicbZA9TwJ BEIbn8AvxC7W02QgmVuSORksSG0uM8pHAhewtc7Bhb++y u2eCF36CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rf juFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsElt gw3AruJQhoFAjvB5GZe7zyi0jyWD2aaoB/RkeQhZ9RY67 76VB2UK27NXYisg5dDBXI1B+Wv/jBmaYTSMEG17nluYvy MKsOZwFmpn2pMKJvQEfYsShqh9rPFqjNyYZ0hCWNlnzR k4f6eyGik9TQKbGdEzViv1ubmf7VeasJrP+MySQ1Ktvwo TAUxMZnfTYZcITNiaoEyxe2uhI2poszYdEo2BG/15HVo1 2ue5bt6pVHP4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhv DjvzseyteDkM6fwR87nD5uOjUg=</latexit><latexit sha1_base64="b 5ulCI2WKEQWjw0hVtW1mfjQVlg=">AAAB6nicbZA9TwJ BEIbn8AvxC7W02QgmVuSORksSG0uM8pHAhewtc7Bhb++y u2eCF36CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rf juFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsElt gw3AruJQhoFAjvB5GZe7zyi0jyWD2aaoB/RkeQhZ9RY67 76VB2UK27NXYisg5dDBXI1B+Wv/jBmaYTSMEG17nluYvy MKsOZwFmpn2pMKJvQEfYsShqh9rPFqjNyYZ0hCWNlnzR k4f6eyGik9TQKbGdEzViv1ubmf7VeasJrP+MySQ1Ktvwo TAUxMZnfTYZcITNiaoEyxe2uhI2poszYdEo2BG/15HVo1 2ue5bt6pVHP4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhv DjvzseyteDkM6fwR87nD5uOjUg=</latexit><latexit sha1_base64="b 5ulCI2WKEQWjw0hVtW1mfjQVlg=">AAAB6nicbZA9TwJ BEIbn8AvxC7W02QgmVuSORksSG0uM8pHAhewtc7Bhb++y u2eCF36CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rf juFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsElt gw3AruJQhoFAjvB5GZe7zyi0jyWD2aaoB/RkeQhZ9RY67 76VB2UK27NXYisg5dDBXI1B+Wv/jBmaYTSMEG17nluYvy MKsOZwFmpn2pMKJvQEfYsShqh9rPFqjNyYZ0hCWNlnzR k4f6eyGik9TQKbGdEzViv1ubmf7VeasJrP+MySQ1Ktvwo TAUxMZnfTYZcITNiaoEyxe2uhI2poszYdEo2BG/15HVo1 2ue5bt6pVHP4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhv DjvzseyteDkM6fwR87nD5uOjUg=</latexit>
P (z)
<latexit sha1_base64="b1/twSjS0guXp+AKCN XZGq8nj6E=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8FWqJsyUwq6LLhxWcFeoB1KJs20sZlkSDJCHf oOblwo4tb3cefbmLaz0NYfAh//OYec8wcxZ9q47reT29jc2t7J7xb29g8Oj4rHJ20tE0Voi0guVTfAm nImaMsww2k3VhRHAaedYHIzr3ceqdJMinszjakf4ZFgISPYWKtdblaeLsuDYsmtuguhdfAyKEGm5qD 41R9KkkRUGMKx1j3PjY2fYmUY4XRW6CeaxphM8Ij2LAocUe2ni21n6MI6QxRKZZ8waOH+nkhxpPU0C mxnhM1Yr9bm5n+1XmLCaz9lIk4MFWT5UZhwZCSan46GTFFi+NQCJorZXREZY4WJsQEVbAje6snr0K5V Pct3tVKjnsWRhzM4hwp4cAUNuIUmtIDAAzzDK7w50nlx3p2PZWvOyWZO4Y+czx8Bz44J</latexit><latexit sha1_base64="b1/twSjS0guXp+AKCN XZGq8nj6E=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8FWqJsyUwq6LLhxWcFeoB1KJs20sZlkSDJCHf oOblwo4tb3cefbmLaz0NYfAh//OYec8wcxZ9q47reT29jc2t7J7xb29g8Oj4rHJ20tE0Voi0guVTfAm nImaMsww2k3VhRHAaedYHIzr3ceqdJMinszjakf4ZFgISPYWKtdblaeLsuDYsmtuguhdfAyKEGm5qD 41R9KkkRUGMKx1j3PjY2fYmUY4XRW6CeaxphM8Ij2LAocUe2ni21n6MI6QxRKZZ8waOH+nkhxpPU0C mxnhM1Yr9bm5n+1XmLCaz9lIk4MFWT5UZhwZCSan46GTFFi+NQCJorZXREZY4WJsQEVbAje6snr0K5V Pct3tVKjnsWRhzM4hwp4cAUNuIUmtIDAAzzDK7w50nlx3p2PZWvOyWZO4Y+czx8Bz44J</latexit><latexit sha1_base64="b1/twSjS0guXp+AKCN XZGq8nj6E=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8FWqJsyUwq6LLhxWcFeoB1KJs20sZlkSDJCHf oOblwo4tb3cefbmLaz0NYfAh//OYec8wcxZ9q47reT29jc2t7J7xb29g8Oj4rHJ20tE0Voi0guVTfAm nImaMsww2k3VhRHAaedYHIzr3ceqdJMinszjakf4ZFgISPYWKtdblaeLsuDYsmtuguhdfAyKEGm5qD 41R9KkkRUGMKx1j3PjY2fYmUY4XRW6CeaxphM8Ij2LAocUe2ni21n6MI6QxRKZZ8waOH+nkhxpPU0C mxnhM1Yr9bm5n+1XmLCaz9lIk4MFWT5UZhwZCSan46GTFFi+NQCJorZXREZY4WJsQEVbAje6snr0K5V Pct3tVKjnsWRhzM4hwp4cAUNuIUmtIDAAzzDK7w50nlx3p2PZWvOyWZO4Y+czx8Bz44J</latexit><latexit sha1_base64="b1/twSjS0guXp+AKCN XZGq8nj6E=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8FWqJsyUwq6LLhxWcFeoB1KJs20sZlkSDJCHf oOblwo4tb3cefbmLaz0NYfAh//OYec8wcxZ9q47reT29jc2t7J7xb29g8Oj4rHJ20tE0Voi0guVTfAm nImaMsww2k3VhRHAaedYHIzr3ceqdJMinszjakf4ZFgISPYWKtdblaeLsuDYsmtuguhdfAyKEGm5qD 41R9KkkRUGMKx1j3PjY2fYmUY4XRW6CeaxphM8Ij2LAocUe2ni21n6MI6QxRKZZ8waOH+nkhxpPU0C mxnhM1Yr9bm5n+1XmLCaz9lIk4MFWT5UZhwZCSan46GTFFi+NQCJorZXREZY4WJsQEVbAje6snr0K5V Pct3tVKjnsWRhzM4hwp4cAUNuIUmtIDAAzzDK7w50nlx3p2PZWvOyWZO4Y+czx8Bz44J</latexit>
z
<latexit sha1_base64="b 5ulCI2WKEQWjw0hVtW1mfjQVlg=">AAAB6nicbZA9TwJ BEIbn8AvxC7W02QgmVuSORksSG0uM8pHAhewtc7Bhb++y u2eCF36CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rf juFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsElt gw3AruJQhoFAjvB5GZe7zyi0jyWD2aaoB/RkeQhZ9RY67 76VB2UK27NXYisg5dDBXI1B+Wv/jBmaYTSMEG17nluYvy MKsOZwFmpn2pMKJvQEfYsShqh9rPFqjNyYZ0hCWNlnzR k4f6eyGik9TQKbGdEzViv1ubmf7VeasJrP+MySQ1Ktvwo TAUxMZnfTYZcITNiaoEyxe2uhI2poszYdEo2BG/15HVo1 2ue5bt6pVHP4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhv DjvzseyteDkM6fwR87nD5uOjUg=</latexit><latexit sha1_base64="b 5ulCI2WKEQWjw0hVtW1mfjQVlg=">AAAB6nicbZA9TwJ BEIbn8AvxC7W02QgmVuSORksSG0uM8pHAhewtc7Bhb++y u2eCF36CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rf juFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsElt gw3AruJQhoFAjvB5GZe7zyi0jyWD2aaoB/RkeQhZ9RY67 76VB2UK27NXYisg5dDBXI1B+Wv/jBmaYTSMEG17nluYvy MKsOZwFmpn2pMKJvQEfYsShqh9rPFqjNyYZ0hCWNlnzR k4f6eyGik9TQKbGdEzViv1ubmf7VeasJrP+MySQ1Ktvwo TAUxMZnfTYZcITNiaoEyxe2uhI2poszYdEo2BG/15HVo1 2ue5bt6pVHP4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhv DjvzseyteDkM6fwR87nD5uOjUg=</latexit><latexit sha1_base64="b 5ulCI2WKEQWjw0hVtW1mfjQVlg=">AAAB6nicbZA9TwJ BEIbn8AvxC7W02QgmVuSORksSG0uM8pHAhewtc7Bhb++y u2eCF36CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rf juFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsElt gw3AruJQhoFAjvB5GZe7zyi0jyWD2aaoB/RkeQhZ9RY67 76VB2UK27NXYisg5dDBXI1B+Wv/jBmaYTSMEG17nluYvy MKsOZwFmpn2pMKJvQEfYsShqh9rPFqjNyYZ0hCWNlnzR k4f6eyGik9TQKbGdEzViv1ubmf7VeasJrP+MySQ1Ktvwo TAUxMZnfTYZcITNiaoEyxe2uhI2poszYdEo2BG/15HVo1 2ue5bt6pVHP4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhv DjvzseyteDkM6fwR87nD5uOjUg=</latexit><latexit sha1_base64="b 5ulCI2WKEQWjw0hVtW1mfjQVlg=">AAAB6nicbZA9TwJ BEIbn8AvxC7W02QgmVuSORksSG0uM8pHAhewtc7Bhb++y u2eCF36CjYXG2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rf juFjc2t7Z3ibmlv/+DwqHx80tZxqhi2WCxi1Q2oRsElt gw3AruJQhoFAjvB5GZe7zyi0jyWD2aaoB/RkeQhZ9RY67 76VB2UK27NXYisg5dDBXI1B+Wv/jBmaYTSMEG17nluYvy MKsOZwFmpn2pMKJvQEfYsShqh9rPFqjNyYZ0hCWNlnzR k4f6eyGik9TQKbGdEzViv1ubmf7VeasJrP+MySQ1Ktvwo TAUxMZnfTYZcITNiaoEyxe2uhI2poszYdEo2BG/15HVo1 2ue5bt6pVHP4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhv DjvzseyteDkM6fwR87nD5uOjUg=</latexit>
↵c = v0
<latexit sha 1_base64="kiO6RcQrY5+1 QFgTnRtZ5FeMNdc=">AAAB 9XicbZBNS8NAEIYn9avWr6p HL8FW8FSSXvQiFLx4rGA/o I1hst20SzebsLuplND/4cW DIl79L978N27bHLT1hYWHd2 aY2TdIOFPacb6twsbm1vZO cbe0t39weFQ+PmmrOJWEtk jMY9kNUFHOBG1ppjntJpJiF HDaCca383pnQqVisXjQ04R 6EQ4FCxlBbazHah95MkKf3 Ex8p+qXK07NWcheBzeHCuRq +uWv/iAmaUSFJhyV6rlOor 0MpWaE01mpnyqaIBnjkPYM Coyo8rLF1TP7wjgDO4yleU LbC/f3RIaRUtMoMJ0R6pFar c3N/2q9VIfXXsZEkmoqyHJ RmHJbx/Y8AnvAJCWaTw0gk czcapMRSiTaBFUyIbirX16H dr3mGr6vVxr1PI4inME5XI ILV9CAO2hCCwhIeIZXeLOe rBfr3fpYthasfOYU/sj6/AF DJZGi</latexit><latexit sha 1_base64="kiO6RcQrY5+1 QFgTnRtZ5FeMNdc=">AAAB 9XicbZBNS8NAEIYn9avWr6p HL8FW8FSSXvQiFLx4rGA/o I1hst20SzebsLuplND/4cW DIl79L978N27bHLT1hYWHd2 aY2TdIOFPacb6twsbm1vZO cbe0t39weFQ+PmmrOJWEtk jMY9kNUFHOBG1ppjntJpJiF HDaCca383pnQqVisXjQ04R 6EQ4FCxlBbazHah95MkKf3 Ex8p+qXK07NWcheBzeHCuRq +uWv/iAmaUSFJhyV6rlOor 0MpWaE01mpnyqaIBnjkPYM Coyo8rLF1TP7wjgDO4yleU LbC/f3RIaRUtMoMJ0R6pFar c3N/2q9VIfXXsZEkmoqyHJ RmHJbx/Y8AnvAJCWaTw0gk czcapMRSiTaBFUyIbirX16H dr3mGr6vVxr1PI4inME5XI ILV9CAO2hCCwhIeIZXeLOe rBfr3fpYthasfOYU/sj6/AF DJZGi</latexit><latexit sha 1_base64="kiO6RcQrY5+1 QFgTnRtZ5FeMNdc=">AAAB 9XicbZBNS8NAEIYn9avWr6p HL8FW8FSSXvQiFLx4rGA/o I1hst20SzebsLuplND/4cW DIl79L978N27bHLT1hYWHd2 aY2TdIOFPacb6twsbm1vZO cbe0t39weFQ+PmmrOJWEtk jMY9kNUFHOBG1ppjntJpJiF HDaCca383pnQqVisXjQ04R 6EQ4FCxlBbazHah95MkKf3 Ex8p+qXK07NWcheBzeHCuRq +uWv/iAmaUSFJhyV6rlOor 0MpWaE01mpnyqaIBnjkPYM Coyo8rLF1TP7wjgDO4yleU LbC/f3RIaRUtMoMJ0R6pFar c3N/2q9VIfXXsZEkmoqyHJ RmHJbx/Y8AnvAJCWaTw0gk czcapMRSiTaBFUyIbirX16H dr3mGr6vVxr1PI4inME5XI ILV9CAO2hCCwhIeIZXeLOe rBfr3fpYthasfOYU/sj6/AF DJZGi</latexit><latexit sha 1_base64="kiO6RcQrY5+1 QFgTnRtZ5FeMNdc=">AAAB 9XicbZBNS8NAEIYn9avWr6p HL8FW8FSSXvQiFLx4rGA/o I1hst20SzebsLuplND/4cW DIl79L978N27bHLT1hYWHd2 aY2TdIOFPacb6twsbm1vZO cbe0t39weFQ+PmmrOJWEtk jMY9kNUFHOBG1ppjntJpJiF HDaCca383pnQqVisXjQ04R 6EQ4FCxlBbazHah95MkKf3 Ex8p+qXK07NWcheBzeHCuRq +uWv/iAmaUSFJhyV6rlOor 0MpWaE01mpnyqaIBnjkPYM Coyo8rLF1TP7wjgDO4yleU LbC/f3RIaRUtMoMJ0R6pFar c3N/2q9VIfXXsZEkmoqyHJ RmHJbx/Y8AnvAJCWaTw0gk czcapMRSiTaBFUyIbirX16H dr3mGr6vVxr1PI4inME5XI ILV9CAO2hCCwhIeIZXeLOe rBfr3fpYthasfOYU/sj6/AF DJZGi</latexit>
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<latexit sha 1_base64="iVCD/uooPj1P qpp9y1asNHbckrM=">AAAB 6nicbZA9TwJBEIbn8AvxC7W 02QgmVuSOBksSG0uM8pHAh ewtc7Bhb++yu2dCLvwEGwu NsfUX2flvXOAKBd9kkyfvzG Rn3iARXBvX/XYKW9s7u3vF /dLB4dHxSfn0rKPjVDFss1 jEqhdQjYJLbBtuBPYShTQKB HaD6e2i3n1CpXksH80sQT+ iY8lDzqix1kPVrQ7LFbfmL kU2wcuhArlaw/LXYBSzNEJp mKBa9z03MX5GleFM4Lw0SD UmlE3pGPsWJY1Q+9ly1Tm5 ss6IhLGyTxqydH9PZDTSeh YFtjOiZqLXawvzv1o/NeGNn 3GZpAYlW30UpoKYmCzuJiO ukBkxs0CZ4nZXwiZUUWZsO iUbgrd+8iZ06jXP8n290qzn cRThAi7hGjxoQBPuoAVtYD CGZ3iFN0c4L86787FqLTj5 zDn8kfP5AyscjP4=</latex it><latexit sha 1_base64="iVCD/uooPj1P qpp9y1asNHbckrM=">AAAB 6nicbZA9TwJBEIbn8AvxC7W 02QgmVuSOBksSG0uM8pHAh ewtc7Bhb++yu2dCLvwEGwu NsfUX2flvXOAKBd9kkyfvzG Rn3iARXBvX/XYKW9s7u3vF /dLB4dHxSfn0rKPjVDFss1 jEqhdQjYJLbBtuBPYShTQKB HaD6e2i3n1CpXksH80sQT+ iY8lDzqix1kPVrQ7LFbfmL kU2wcuhArlaw/LXYBSzNEJp mKBa9z03MX5GleFM4Lw0SD UmlE3pGPsWJY1Q+9ly1Tm5 ss6IhLGyTxqydH9PZDTSeh YFtjOiZqLXawvzv1o/NeGNn 3GZpAYlW30UpoKYmCzuJiO ukBkxs0CZ4nZXwiZUUWZsO iUbgrd+8iZ06jXP8n290qzn cRThAi7hGjxoQBPuoAVtYD CGZ3iFN0c4L86787FqLTj5 zDn8kfP5AyscjP4=</latex it><latexit sha 1_base64="iVCD/uooPj1P qpp9y1asNHbckrM=">AAAB 6nicbZA9TwJBEIbn8AvxC7W 02QgmVuSOBksSG0uM8pHAh ewtc7Bhb++yu2dCLvwEGwu NsfUX2flvXOAKBd9kkyfvzG Rn3iARXBvX/XYKW9s7u3vF /dLB4dHxSfn0rKPjVDFss1 jEqhdQjYJLbBtuBPYShTQKB HaD6e2i3n1CpXksH80sQT+ iY8lDzqix1kPVrQ7LFbfmL kU2wcuhArlaw/LXYBSzNEJp mKBa9z03MX5GleFM4Lw0SD UmlE3pGPsWJY1Q+9ly1Tm5 ss6IhLGyTxqydH9PZDTSeh YFtjOiZqLXawvzv1o/NeGNn 3GZpAYlW30UpoKYmCzuJiO ukBkxs0CZ4nZXwiZUUWZsO iUbgrd+8iZ06jXP8n290qzn cRThAi7hGjxoQBPuoAVtYD CGZ3iFN0c4L86787FqLTj5 zDn8kfP5AyscjP4=</latex it><latexit sha 1_base64="iVCD/uooPj1P qpp9y1asNHbckrM=">AAAB 6nicbZA9TwJBEIbn8AvxC7W 02QgmVuSOBksSG0uM8pHAh ewtc7Bhb++yu2dCLvwEGwu NsfUX2flvXOAKBd9kkyfvzG Rn3iARXBvX/XYKW9s7u3vF /dLB4dHxSfn0rKPjVDFss1 jEqhdQjYJLbBtuBPYShTQKB HaD6e2i3n1CpXksH80sQT+ iY8lDzqix1kPVrQ7LFbfmL kU2wcuhArlaw/LXYBSzNEJp mKBa9z03MX5GleFM4Lw0SD UmlE3pGPsWJY1Q+9ly1Tm5 ss6IhLGyTxqydH9PZDTSeh YFtjOiZqLXawvzv1o/NeGNn 3GZpAYlW30UpoKYmCzuJiO ukBkxs0CZ4nZXwiZUUWZsO iUbgrd+8iZ06jXP8n290qzn cRThAi7hGjxoQBPuoAVtYD CGZ3iFN0c4L86787FqLTj5 zDn8kfP5AyscjP4=</latex it>
Active
<latexit sha1_base64="D YXg1JYZvJnmJiFSUyrlcd8hyIs=">AAAB73icbZA9TwJ BEIbn/ET8Qi1tNoKJFbmj0RJjY4mJfCRwIXvLHmzY2zt3 50jIhT9hY6Extv4dO/+NC1yh4Jts8uSdmezMGyRSGHTdb 2djc2t7Z7ewV9w/ODw6Lp2ctkycasabLJax7gTUcCkUb 6JAyTuJ5jQKJG8H47t5vT3h2ohYPeI04X5Eh0qEglG0Vq dyy1BMeKVfKrtVdyGyDl4OZcjV6Je+eoOYpRFXyCQ1puu 5CfoZ1SiY5LNiLzU8oWxMh7xrUdGIGz9b7Dsjl9YZkDD W9ikkC/f3REYjY6ZRYDsjiiOzWpub/9W6KYY3fiZUkiJX bPlRmEqCMZkfTwZCc4ZyaoEyLeyuhI2opgxtREUbgrd68 jq0alXP8kOtXK/lcRTgHC7gCjy4hjrcQwOawEDCM7zCm /PkvDjvzseydcPJZ87gj5zPHzb5j1w=</latexit><latexit sha1_base64="D YXg1JYZvJnmJiFSUyrlcd8hyIs=">AAAB73icbZA9TwJ BEIbn/ET8Qi1tNoKJFbmj0RJjY4mJfCRwIXvLHmzY2zt3 50jIhT9hY6Extv4dO/+NC1yh4Jts8uSdmezMGyRSGHTdb 2djc2t7Z7ewV9w/ODw6Lp2ctkycasabLJax7gTUcCkUb 6JAyTuJ5jQKJG8H47t5vT3h2ohYPeI04X5Eh0qEglG0Vq dyy1BMeKVfKrtVdyGyDl4OZcjV6Je+eoOYpRFXyCQ1puu 5CfoZ1SiY5LNiLzU8oWxMh7xrUdGIGz9b7Dsjl9YZkDD W9ikkC/f3REYjY6ZRYDsjiiOzWpub/9W6KYY3fiZUkiJX bPlRmEqCMZkfTwZCc4ZyaoEyLeyuhI2opgxtREUbgrd68 jq0alXP8kOtXK/lcRTgHC7gCjy4hjrcQwOawEDCM7zCm /PkvDjvzseydcPJZ87gj5zPHzb5j1w=</latexit><latexit sha1_base64="D YXg1JYZvJnmJiFSUyrlcd8hyIs=">AAAB73icbZA9TwJ BEIbn/ET8Qi1tNoKJFbmj0RJjY4mJfCRwIXvLHmzY2zt3 50jIhT9hY6Extv4dO/+NC1yh4Jts8uSdmezMGyRSGHTdb 2djc2t7Z7ewV9w/ODw6Lp2ctkycasabLJax7gTUcCkUb 6JAyTuJ5jQKJG8H47t5vT3h2ohYPeI04X5Eh0qEglG0Vq dyy1BMeKVfKrtVdyGyDl4OZcjV6Je+eoOYpRFXyCQ1puu 5CfoZ1SiY5LNiLzU8oWxMh7xrUdGIGz9b7Dsjl9YZkDD W9ikkC/f3REYjY6ZRYDsjiiOzWpub/9W6KYY3fiZUkiJX bPlRmEqCMZkfTwZCc4ZyaoEyLeyuhI2opgxtREUbgrd68 jq0alXP8kOtXK/lcRTgHC7gCjy4hjrcQwOawEDCM7zCm /PkvDjvzseydcPJZ87gj5zPHzb5j1w=</latexit><latexit sha1_base64="D YXg1JYZvJnmJiFSUyrlcd8hyIs=">AAAB73icbZA9TwJ BEIbn/ET8Qi1tNoKJFbmj0RJjY4mJfCRwIXvLHmzY2zt3 50jIhT9hY6Extv4dO/+NC1yh4Jts8uSdmezMGyRSGHTdb 2djc2t7Z7ewV9w/ODw6Lp2ctkycasabLJax7gTUcCkUb 6JAyTuJ5jQKJG8H47t5vT3h2ohYPeI04X5Eh0qEglG0Vq dyy1BMeKVfKrtVdyGyDl4OZcjV6Je+eoOYpRFXyCQ1puu 5CfoZ1SiY5LNiLzU8oWxMh7xrUdGIGz9b7Dsjl9YZkDD W9ikkC/f3REYjY6ZRYDsjiiOzWpub/9W6KYY3fiZUkiJX bPlRmEqCMZkfTwZCc4ZyaoEyLeyuhI2opgxtREUbgrd68 jq0alXP8kOtXK/lcRTgHC7gCjy4hjrcQwOawEDCM7zCm /PkvDjvzseydcPJZ87gj5zPHzb5j1w=</latexit>
Passive
<latexit sha1_base64="OdS cA0bDeJ62XV6/0DItC7MQLFk=">AAAB8HicbVA9TwJBEJ3DL8 Qv1NLmIphYkTsaLUlsLDGRDwMXsrfMwYbdvcvuHgm58CtsLDTG 1p9j579xgSsUfMkmL+/NzM68MOFMG8/7dgpb2zu7e8X90sHh0 fFJ+fSsreNUUWzRmMeqGxKNnElsGWY4dhOFRIQcO+HkbuF3pq g0i+WjmSUYCDKSLGKUGCs9VZtEazbF6qBc8WreEu4m8XNSgRzN QfmrP4xpKlAayu2Qnu8lJsiIMoxynJf6qcaE0AkZYc9SSQTqI FsuPHevrDJ0o1jZJ427VH93ZERoPROhrRTEjPW6txD/83qpiW 6DjMkkNSjp6qMo5a6J3cX17pAppIbPLCFUMburS8dEEWpsRiU bgr9+8iZp12u+5Q/1SqOex1GEC7iEa/DhBhpwD01oAQUBz/AKb 45yXpx352NVWnDynnP4A+fzBx/Wj+U=</latexit><latexit sha1_base64="OdS cA0bDeJ62XV6/0DItC7MQLFk=">AAAB8HicbVA9TwJBEJ3DL8 Qv1NLmIphYkTsaLUlsLDGRDwMXsrfMwYbdvcvuHgm58CtsLDTG 1p9j579xgSsUfMkmL+/NzM68MOFMG8/7dgpb2zu7e8X90sHh0 fFJ+fSsreNUUWzRmMeqGxKNnElsGWY4dhOFRIQcO+HkbuF3pq g0i+WjmSUYCDKSLGKUGCs9VZtEazbF6qBc8WreEu4m8XNSgRzN QfmrP4xpKlAayu2Qnu8lJsiIMoxynJf6qcaE0AkZYc9SSQTqI FsuPHevrDJ0o1jZJ427VH93ZERoPROhrRTEjPW6txD/83qpiW 6DjMkkNSjp6qMo5a6J3cX17pAppIbPLCFUMburS8dEEWpsRiU bgr9+8iZp12u+5Q/1SqOex1GEC7iEa/DhBhpwD01oAQUBz/AKb 45yXpx352NVWnDynnP4A+fzBx/Wj+U=</latexit><latexit sha1_base64="OdS cA0bDeJ62XV6/0DItC7MQLFk=">AAAB8HicbVA9TwJBEJ3DL8 Qv1NLmIphYkTsaLUlsLDGRDwMXsrfMwYbdvcvuHgm58CtsLDTG 1p9j579xgSsUfMkmL+/NzM68MOFMG8/7dgpb2zu7e8X90sHh0 fFJ+fSsreNUUWzRmMeqGxKNnElsGWY4dhOFRIQcO+HkbuF3pq g0i+WjmSUYCDKSLGKUGCs9VZtEazbF6qBc8WreEu4m8XNSgRzN QfmrP4xpKlAayu2Qnu8lJsiIMoxynJf6qcaE0AkZYc9SSQTqI FsuPHevrDJ0o1jZJ427VH93ZERoPROhrRTEjPW6txD/83qpiW 6DjMkkNSjp6qMo5a6J3cX17pAppIbPLCFUMburS8dEEWpsRiU bgr9+8iZp12u+5Q/1SqOex1GEC7iEa/DhBhpwD01oAQUBz/AKb 45yXpx352NVWnDynnP4A+fzBx/Wj+U=</latexit><latexit sha1_base64="OdS cA0bDeJ62XV6/0DItC7MQLFk=">AAAB8HicbVA9TwJBEJ3DL8 Qv1NLmIphYkTsaLUlsLDGRDwMXsrfMwYbdvcvuHgm58CtsLDTG 1p9j579xgSsUfMkmL+/NzM68MOFMG8/7dgpb2zu7e8X90sHh0 fFJ+fSsreNUUWzRmMeqGxKNnElsGWY4dhOFRIQcO+HkbuF3pq g0i+WjmSUYCDKSLGKUGCs9VZtEazbF6qBc8WreEu4m8XNSgRzN QfmrP4xpKlAayu2Qnu8lJsiIMoxynJf6qcaE0AkZYc9SSQTqI FsuPHevrDJ0o1jZJ427VH93ZERoPROhrRTEjPW6txD/83qpiW 6DjMkkNSjp6qMo5a6J3cX17pAppIbPLCFUMburS8dEEWpsRiU bgr9+8iZp12u+5Q/1SqOex1GEC7iEa/DhBhpwD01oAQUBz/AKb 45yXpx352NVWnDynnP4A+fzBx/Wj+U=</latexit>
p
<latexit sha1_base64="Flb4pSAYmlJwSZEJpM8IAvx 1FdE=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSOBksSG0uM8pHAhewte7Bhb++yO2dCLvwEGwuNsfUX2flvXO AKBd9kkyfvzGRn3iCRwqDrfjuFre2d3b3ifung8Oj4pHx61jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG8X9e4T 10bE6hFnCfcjOlYiFIyitR6qSXVYrrg1dymyCV4OFcjVGpa/BqOYpRFXyCQ1pu+5CfoZ1SiY5PPSIDU8oWxKx7xvU dGIGz9brjonV9YZkTDW9ikkS/f3REYjY2ZRYDsjihOzXluY/9X6KYY3fiZUkiJXbPVRmEqCMVncTUZCc4ZyZoEyLe yuhE2opgxtOiUbgrd+8iZ06jXP8n290qzncRThAi7hGjxoQBPuoAVtYDCGZ3iFN0c6L86787FqLTj5zDn8kfP5A4xc jT4=</latexit><latexit sha1_base64="Flb4pSAYmlJwSZEJpM8IAvx 1FdE=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSOBksSG0uM8pHAhewte7Bhb++yO2dCLvwEGwuNsfUX2flvXO AKBd9kkyfvzGRn3iCRwqDrfjuFre2d3b3ifung8Oj4pHx61jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG8X9e4T 10bE6hFnCfcjOlYiFIyitR6qSXVYrrg1dymyCV4OFcjVGpa/BqOYpRFXyCQ1pu+5CfoZ1SiY5PPSIDU8oWxKx7xvU dGIGz9brjonV9YZkTDW9ikkS/f3REYjY2ZRYDsjihOzXluY/9X6KYY3fiZUkiJXbPVRmEqCMVncTUZCc4ZyZoEyLe yuhE2opgxtOiUbgrd+8iZ06jXP8n290qzncRThAi7hGjxoQBPuoAVtYDCGZ3iFN0c6L86787FqLTj5zDn8kfP5A4xc jT4=</latexit><latexit sha1_base64="Flb4pSAYmlJwSZEJpM8IAvx 1FdE=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSOBksSG0uM8pHAhewte7Bhb++yO2dCLvwEGwuNsfUX2flvXO AKBd9kkyfvzGRn3iCRwqDrfjuFre2d3b3ifung8Oj4pHx61jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG8X9e4T 10bE6hFnCfcjOlYiFIyitR6qSXVYrrg1dymyCV4OFcjVGpa/BqOYpRFXyCQ1pu+5CfoZ1SiY5PPSIDU8oWxKx7xvU dGIGz9brjonV9YZkTDW9ikkS/f3REYjY2ZRYDsjihOzXluY/9X6KYY3fiZUkiJXbPVRmEqCMVncTUZCc4ZyZoEyLe yuhE2opgxtOiUbgrd+8iZ06jXP8n290qzncRThAi7hGjxoQBPuoAVtYDCGZ3iFN0c6L86787FqLTj5zDn8kfP5A4xc jT4=</latexit><latexit sha1_base64="Flb4pSAYmlJwSZEJpM8IAvx 1FdE=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSOBksSG0uM8pHAhewte7Bhb++yO2dCLvwEGwuNsfUX2flvXO AKBd9kkyfvzGRn3iCRwqDrfjuFre2d3b3ifung8Oj4pHx61jFxqhlvs1jGuhdQw6VQvI0CJe8lmtMokLwbTG8X9e4T 10bE6hFnCfcjOlYiFIyitR6qSXVYrrg1dymyCV4OFcjVGpa/BqOYpRFXyCQ1pu+5CfoZ1SiY5PPSIDU8oWxKx7xvU dGIGz9brjonV9YZkTDW9ikkS/f3REYjY2ZRYDsjihOzXluY/9X6KYY3fiZUkiJXbPVRmEqCMVncTUZCc4ZyZoEyLe yuhE2opgxtOiUbgrd+8iZ06jXP8n290qzncRThAi7hGjxoQBPuoAVtYDCGZ3iFN0c6L86787FqLTj5zDn8kfP5A4xc jT4=</latexit>
↵
<latexit sha 1_base64="5shilJR2Ieqp OnQLnl2UcxWGh3Y=">AAAB 73icbZA9TwJBEIbn8AvxC7W 02QgmVuSOBksSG0tM5COBC 5lb9mDD3t65u2dCLvwJGwu NsfXv2PlvXOAKBd9kkyfvzG Rn3iARXBvX/XYKW9s7u3vF /dLB4dHxSfn0rKPjVFHWpr GIVS9AzQSXrG24EayXKIZRI Fg3mN4u6t0npjSP5YOZJcy PcCx5yCkaa/WqAxTJBKvDc sWtuUuRTfByqECu1rD8NRjF NI2YNFSg1n3PTYyfoTKcCj YvDVLNEqRTHLO+RYkR0362 3HdOrqwzImGs7JOGLN3fEx lGWs+iwHZGaCZ6vbYw/6v1U xPe+BmXSWqYpKuPwlQQE5P F8WTEFaNGzCwgVdzuSugEF VJjIyrZELz1kzehU695lu/r lWY9j6MIF3AJ1+BBA5pwBy 1oAwUBz/AKb86j8+K8Ox+r 1oKTz5zDHzmfP0B+j2I=</l atexit><latexit sha 1_base64="5shilJR2Ieqp OnQLnl2UcxWGh3Y=">AAAB 73icbZA9TwJBEIbn8AvxC7W 02QgmVuSOBksSG0tM5COBC 5lb9mDD3t65u2dCLvwJGwu NsfXv2PlvXOAKBd9kkyfvzG Rn3iARXBvX/XYKW9s7u3vF /dLB4dHxSfn0rKPjVFHWpr GIVS9AzQSXrG24EayXKIZRI Fg3mN4u6t0npjSP5YOZJcy PcCx5yCkaa/WqAxTJBKvDc sWtuUuRTfByqECu1rD8NRjF NI2YNFSg1n3PTYyfoTKcCj YvDVLNEqRTHLO+RYkR0362 3HdOrqwzImGs7JOGLN3fEx lGWs+iwHZGaCZ6vbYw/6v1U xPe+BmXSWqYpKuPwlQQE5P F8WTEFaNGzCwgVdzuSugEF VJjIyrZELz1kzehU695lu/r lWY9j6MIF3AJ1+BBA5pwBy 1oAwUBz/AKb86j8+K8Ox+r 1oKTz5zDHzmfP0B+j2I=</l atexit><latexit sha 1_base64="5shilJR2Ieqp OnQLnl2UcxWGh3Y=">AAAB 73icbZA9TwJBEIbn8AvxC7W 02QgmVuSOBksSG0tM5COBC 5lb9mDD3t65u2dCLvwJGwu NsfXv2PlvXOAKBd9kkyfvzG Rn3iARXBvX/XYKW9s7u3vF /dLB4dHxSfn0rKPjVFHWpr GIVS9AzQSXrG24EayXKIZRI Fg3mN4u6t0npjSP5YOZJcy PcCx5yCkaa/WqAxTJBKvDc sWtuUuRTfByqECu1rD8NRjF NI2YNFSg1n3PTYyfoTKcCj YvDVLNEqRTHLO+RYkR0362 3HdOrqwzImGs7JOGLN3fEx lGWs+iwHZGaCZ6vbYw/6v1U xPe+BmXSWqYpKuPwlQQE5P F8WTEFaNGzCwgVdzuSugEF VJjIyrZELz1kzehU695lu/r lWY9j6MIF3AJ1+BBA5pwBy 1oAwUBz/AKb86j8+K8Ox+r 1oKTz5zDHzmfP0B+j2I=</l atexit><latexit sha 1_base64="5shilJR2Ieqp OnQLnl2UcxWGh3Y=">AAAB 73icbZA9TwJBEIbn8AvxC7W 02QgmVuSOBksSG0tM5COBC 5lb9mDD3t65u2dCLvwJGwu NsfXv2PlvXOAKBd9kkyfvzG Rn3iARXBvX/XYKW9s7u3vF /dLB4dHxSfn0rKPjVFHWpr GIVS9AzQSXrG24EayXKIZRI Fg3mN4u6t0npjSP5YOZJcy PcCx5yCkaa/WqAxTJBKvDc sWtuUuRTfByqECu1rD8NRjF NI2YNFSg1n3PTYyfoTKcCj YvDVLNEqRTHLO+RYkR0362 3HdOrqwzImGs7JOGLN3fEx lGWs+iwHZGaCZ6vbYw/6v1U xPe+BmXSWqYpKuPwlQQE5P F8WTEFaNGzCwgVdzuSugEF VJjIyrZELz1kzehU695lu/r lWY9j6MIF3AJ1+BBA5pwBy 1oAwUBz/AKb86j8+K8Ox+r 1oKTz5zDHzmfP0B+j2I=</l atexit>
1<latexit sha 1_base64="ORRpW5nVZcC6 iDfSTlKlanrEKKM=">AAAB 6nicbZA9TwJBEIbn8AvxC7W 02QgmVuSOBksSG0uM8pHAh ewtc7Bhb++yu2dCLvwEGwu NsfUX2flvXOAKBd9kkyfvzG Rn3iARXBvX/XYKW9s7u3vF /dLB4dHxSfn0rKPjVDFss1 jEqhdQjYJLbBtuBPYShTQKB HaD6e2i3n1CpXksH80sQT+ iY8lDzqix1kPVqw7LFbfmL kU2wcuhArlaw/LXYBSzNEJp mKBa9z03MX5GleFM4Lw0SD UmlE3pGPsWJY1Q+9ly1Tm5 ss6IhLGyTxqydH9PZDTSeh YFtjOiZqLXawvzv1o/NeGNn 3GZpAYlW30UpoKYmCzuJiO ukBkxs0CZ4nZXwiZUUWZsO iUbgrd+8iZ06jXP8n290qzn cRThAi7hGjxoQBPuoAVtYD CGZ3iFN0c4L86787FqLTj5 zDn8kfP5AyyhjP8=</latex it><latexit sha 1_base64="ORRpW5nVZcC6 iDfSTlKlanrEKKM=">AAAB 6nicbZA9TwJBEIbn8AvxC7W 02QgmVuSOBksSG0uM8pHAh ewtc7Bhb++yu2dCLvwEGwu NsfUX2flvXOAKBd9kkyfvzG Rn3iARXBvX/XYKW9s7u3vF /dLB4dHxSfn0rKPjVDFss1 jEqhdQjYJLbBtuBPYShTQKB HaD6e2i3n1CpXksH80sQT+ iY8lDzqix1kPVqw7LFbfmL kU2wcuhArlaw/LXYBSzNEJp mKBa9z03MX5GleFM4Lw0SD UmlE3pGPsWJY1Q+9ly1Tm5 ss6IhLGyTxqydH9PZDTSeh YFtjOiZqLXawvzv1o/NeGNn 3GZpAYlW30UpoKYmCzuJiO ukBkxs0CZ4nZXwiZUUWZsO iUbgrd+8iZ06jXP8n290qzn cRThAi7hGjxoQBPuoAVtYD CGZ3iFN0c4L86787FqLTj5 zDn8kfP5AyyhjP8=</latex it><latexit sha 1_base64="ORRpW5nVZcC6 iDfSTlKlanrEKKM=">AAAB 6nicbZA9TwJBEIbn8AvxC7W 02QgmVuSOBksSG0uM8pHAh ewtc7Bhb++yu2dCLvwEGwu NsfUX2flvXOAKBd9kkyfvzG Rn3iARXBvX/XYKW9s7u3vF /dLB4dHxSfn0rKPjVDFss1 jEqhdQjYJLbBtuBPYShTQKB HaD6e2i3n1CpXksH80sQT+ iY8lDzqix1kPVqw7LFbfmL kU2wcuhArlaw/LXYBSzNEJp mKBa9z03MX5GleFM4Lw0SD UmlE3pGPsWJY1Q+9ly1Tm5 ss6IhLGyTxqydH9PZDTSeh YFtjOiZqLXawvzv1o/NeGNn 3GZpAYlW30UpoKYmCzuJiO ukBkxs0CZ4nZXwiZUUWZsO iUbgrd+8iZ06jXP8n290qzn cRThAi7hGjxoQBPuoAVtYD CGZ3iFN0c4L86787FqLTj5 zDn8kfP5AyyhjP8=</latex it><latexit sha 1_base64="ORRpW5nVZcC6 iDfSTlKlanrEKKM=">AAAB 6nicbZA9TwJBEIbn8AvxC7W 02QgmVuSOBksSG0uM8pHAh ewtc7Bhb++yu2dCLvwEGwu NsfUX2flvXOAKBd9kkyfvzG Rn3iARXBvX/XYKW9s7u3vF /dLB4dHxSfn0rKPjVDFss1 jEqhdQjYJLbBtuBPYShTQKB HaD6e2i3n1CpXksH80sQT+ iY8lDzqix1kPVqw7LFbfmL kU2wcuhArlaw/LXYBSzNEJp mKBa9z03MX5GleFM4Lw0SD UmlE3pGPsWJY1Q+9ly1Tm5 ss6IhLGyTxqydH9PZDTSeh YFtjOiZqLXawvzv1o/NeGNn 3GZpAYlW30UpoKYmCzuJiO ukBkxs0CZ4nZXwiZUUWZsO iUbgrd+8iZ06jXP8n290qzn cRThAi7hGjxoQBPuoAVtYD CGZ3iFN0c4L86787FqLTj5 zDn8kfP5AyyhjP8=</latex it> 2<latexit sha1_base64="5 TfhBbSuDf80XhvreEBsJHud0b8=">AAAB6nicbZBNT8J AEIan+IX4hXr0shFMPJG2Fz2SePGIUcAEGrJdtrBhu212 pyak4Sd48aAxXv1F3vw3LtCDgm+yyZN3ZrIzb5hKYdB1v 53SxubW9k55t7K3f3B4VD0+6Zgk04y3WSIT/RhSw6VQv I0CJX9MNadxKHk3nNzM690nro1I1ANOUx7EdKREJBhFa9 3X/fqgWnMb7kJkHbwCalCoNah+9YcJy2KukElqTM9zUwx yqlEwyWeVfmZ4StmEjnjPoqIxN0G+WHVGLqwzJFGi7VN IFu7viZzGxkzj0HbGFMdmtTY3/6v1Moyug1yoNEOu2PKj KJMEEzK/mwyF5gzl1AJlWthdCRtTTRnadCo2BG/15HXo+ A3P8p1fa/pFHGU4g3O4BA+uoAm30II2MBjBM7zCmyOdF +fd+Vi2lpxi5hT+yPn8AS4mjQA=</latexit><latexit sha1_base64="5 TfhBbSuDf80XhvreEBsJHud0b8=">AAAB6nicbZBNT8J AEIan+IX4hXr0shFMPJG2Fz2SePGIUcAEGrJdtrBhu212 pyak4Sd48aAxXv1F3vw3LtCDgm+yyZN3ZrIzb5hKYdB1v 53SxubW9k55t7K3f3B4VD0+6Zgk04y3WSIT/RhSw6VQv I0CJX9MNadxKHk3nNzM690nro1I1ANOUx7EdKREJBhFa9 3X/fqgWnMb7kJkHbwCalCoNah+9YcJy2KukElqTM9zUwx yqlEwyWeVfmZ4StmEjnjPoqIxN0G+WHVGLqwzJFGi7VN IFu7viZzGxkzj0HbGFMdmtTY3/6v1Moyug1yoNEOu2PKj KJMEEzK/mwyF5gzl1AJlWthdCRtTTRnadCo2BG/15HXo+ A3P8p1fa/pFHGU4g3O4BA+uoAm30II2MBjBM7zCmyOdF +fd+Vi2lpxi5hT+yPn8AS4mjQA=</latexit><latexit sha1_base64="5 TfhBbSuDf80XhvreEBsJHud0b8=">AAAB6nicbZBNT8J AEIan+IX4hXr0shFMPJG2Fz2SePGIUcAEGrJdtrBhu212 pyak4Sd48aAxXv1F3vw3LtCDgm+yyZN3ZrIzb5hKYdB1v 53SxubW9k55t7K3f3B4VD0+6Zgk04y3WSIT/RhSw6VQv I0CJX9MNadxKHk3nNzM690nro1I1ANOUx7EdKREJBhFa9 3X/fqgWnMb7kJkHbwCalCoNah+9YcJy2KukElqTM9zUwx yqlEwyWeVfmZ4StmEjnjPoqIxN0G+WHVGLqwzJFGi7VN IFu7viZzGxkzj0HbGFMdmtTY3/6v1Moyug1yoNEOu2PKj KJMEEzK/mwyF5gzl1AJlWthdCRtTTRnadCo2BG/15HXo+ A3P8p1fa/pFHGU4g3O4BA+uoAm30II2MBjBM7zCmyOdF +fd+Vi2lpxi5hT+yPn8AS4mjQA=</latexit><latexit sha1_base64="5 TfhBbSuDf80XhvreEBsJHud0b8=">AAAB6nicbZBNT8J AEIan+IX4hXr0shFMPJG2Fz2SePGIUcAEGrJdtrBhu212 pyak4Sd48aAxXv1F3vw3LtCDgm+yyZN3ZrIzb5hKYdB1v 53SxubW9k55t7K3f3B4VD0+6Zgk04y3WSIT/RhSw6VQv I0CJX9MNadxKHk3nNzM690nro1I1ANOUx7EdKREJBhFa9 3X/fqgWnMb7kJkHbwCalCoNah+9YcJy2KukElqTM9zUwx yqlEwyWeVfmZ4StmEjnjPoqIxN0G+WHVGLqwzJFGi7VN IFu7viZzGxkzj0HbGFMdmtTY3/6v1Moyug1yoNEOu2PKj KJMEEzK/mwyF5gzl1AJlWthdCRtTTRnadCo2BG/15HXo+ A3P8p1fa/pFHGU4g3O4BA+uoAm30II2MBjBM7zCmyOdF +fd+Vi2lpxi5hT+yPn8AS4mjQA=</latexit>0<latexit sha 1_base64="iVCD/uooPj1P qpp9y1asNHbckrM=">AAAB 6nicbZA9TwJBEIbn8AvxC7W 02QgmVuSOBksSG0uM8pHAh ewtc7Bhb++yu2dCLvwEGwu NsfUX2flvXOAKBd9kkyfvzG Rn3iARXBvX/XYKW9s7u3vF /dLB4dHxSfn0rKPjVDFss1 jEqhdQjYJLbBtuBPYShTQKB HaD6e2i3n1CpXksH80sQT+ iY8lDzqix1kPVrQ7LFbfmL kU2wcuhArlaw/LXYBSzNEJp mKBa9z03MX5GleFM4Lw0SD UmlE3pGPsWJY1Q+9ly1Tm5 ss6IhLGyTxqydH9PZDTSeh YFtjOiZqLXawvzv1o/NeGNn 3GZpAYlW30UpoKYmCzuJiO ukBkxs0CZ4nZXwiZUUWZsO iUbgrd+8iZ06jXP8n290qzn cRThAi7hGjxoQBPuoAVtYD CGZ3iFN0c4L86787FqLTj5 zDn8kfP5AyscjP4=</latex it><latexit sha 1_base64="iVCD/uooPj1P qpp9y1asNHbckrM=">AAAB 6nicbZA9TwJBEIbn8AvxC7W 02QgmVuSOBksSG0uM8pHAh ewtc7Bhb++yu2dCLvwEGwu NsfUX2flvXOAKBd9kkyfvzG Rn3iARXBvX/XYKW9s7u3vF /dLB4dHxSfn0rKPjVDFss1 jEqhdQjYJLbBtuBPYShTQKB HaD6e2i3n1CpXksH80sQT+ iY8lDzqix1kPVrQ7LFbfmL kU2wcuhArlaw/LXYBSzNEJp mKBa9z03MX5GleFM4Lw0SD UmlE3pGPsWJY1Q+9ly1Tm5 ss6IhLGyTxqydH9PZDTSeh YFtjOiZqLXawvzv1o/NeGNn 3GZpAYlW30UpoKYmCzuJiO ukBkxs0CZ4nZXwiZUUWZsO iUbgrd+8iZ06jXP8n290qzn cRThAi7hGjxoQBPuoAVtYD CGZ3iFN0c4L86787FqLTj5 zDn8kfP5AyscjP4=</latex it><latexit sha 1_base64="iVCD/uooPj1P qpp9y1asNHbckrM=">AAAB 6nicbZA9TwJBEIbn8AvxC7W 02QgmVuSOBksSG0uM8pHAh ewtc7Bhb++yu2dCLvwEGwu NsfUX2flvXOAKBd9kkyfvzG Rn3iARXBvX/XYKW9s7u3vF /dLB4dHxSfn0rKPjVDFss1 jEqhdQjYJLbBtuBPYShTQKB HaD6e2i3n1CpXksH80sQT+ iY8lDzqix1kPVrQ7LFbfmL kU2wcuhArlaw/LXYBSzNEJp mKBa9z03MX5GleFM4Lw0SD UmlE3pGPsWJY1Q+9ly1Tm5 ss6IhLGyTxqydH9PZDTSeh YFtjOiZqLXawvzv1o/NeGNn 3GZpAYlW30UpoKYmCzuJiO ukBkxs0CZ4nZXwiZUUWZsO iUbgrd+8iZ06jXP8n290qzn cRThAi7hGjxoQBPuoAVtYD CGZ3iFN0c4L86787FqLTj5 zDn8kfP5AyscjP4=</latex it><latexit sha 1_base64="iVCD/uooPj1P qpp9y1asNHbckrM=">AAAB 6nicbZA9TwJBEIbn8AvxC7W 02QgmVuSOBksSG0uM8pHAh ewtc7Bhb++yu2dCLvwEGwu NsfUX2flvXOAKBd9kkyfvzG Rn3iARXBvX/XYKW9s7u3vF /dLB4dHxSfn0rKPjVDFss1 jEqhdQjYJLbBtuBPYShTQKB HaD6e2i3n1CpXksH80sQT+ iY8lDzqix1kPVrQ7LFbfmL kU2wcuhArlaw/LXYBSzNEJp mKBa9z03MX5GleFM4Lw0SD UmlE3pGPsWJY1Q+9ly1Tm5 ss6IhLGyTxqydH9PZDTSeh YFtjOiZqLXawvzv1o/NeGNn 3GZpAYlW30UpoKYmCzuJiO ukBkxs0CZ4nZXwiZUUWZsO iUbgrd+8iZ06jXP8n290qzn cRThAi7hGjxoQBPuoAVtYD CGZ3iFN0c4L86787FqLTj5 zDn8kfP5AyscjP4=</latex it>
Collapsed
<latexit sha1_b ase64="t+G94jOXzOB/IJqX2bhMw L4ShRY=">AAAB8nicbVDLSsNAFL2p r1pfVZduBlvBVUm60WXBjcsK9gFt KJPJTTt0MgkzE6GEfoYbF4q49Wvc+ TdO2yy09cDA4ZxzmXtPkAqujet+O6 Wt7Z3dvfJ+5eDw6PikenrW1UmmGH ZYIhLVD6hGwSV2DDcC+6lCGgcCe8H 0buH3nlBpnshHM0vRj+lY8ogzaqw 0qNuEoKnGsD6q1tyGuwTZJF5BalCg Pap+DcOEZTFKwwTVeuC5qfFzqgxn AueVYaYxpWxKxziwVNIYtZ8vV56TK 6uEJEqUfdKQpfp7Iqex1rM4sMmYm ole9xbif94gM9Gtn3OZZgYlW30UZY KYhCzuJyFXyIyYWUKZ4nZXwiZUUW ZsSxVbgrd+8ibpNhue5Q/NWqtZ1FG GC7iEa/DgBlpwD23oAIMEnuEV3hzj vDjvzscqWnKKmXP4A+fzB411kLU= </latexit><latexit sha1_b ase64="t+G94jOXzOB/IJqX2bhMw L4ShRY=">AAAB8nicbVDLSsNAFL2p r1pfVZduBlvBVUm60WXBjcsK9gFt KJPJTTt0MgkzE6GEfoYbF4q49Wvc+ TdO2yy09cDA4ZxzmXtPkAqujet+O6 Wt7Z3dvfJ+5eDw6PikenrW1UmmGH ZYIhLVD6hGwSV2DDcC+6lCGgcCe8H 0buH3nlBpnshHM0vRj+lY8ogzaqw 0qNuEoKnGsD6q1tyGuwTZJF5BalCg Pap+DcOEZTFKwwTVeuC5qfFzqgxn AueVYaYxpWxKxziwVNIYtZ8vV56TK 6uEJEqUfdKQpfp7Iqex1rM4sMmYm ole9xbif94gM9Gtn3OZZgYlW30UZY KYhCzuJyFXyIyYWUKZ4nZXwiZUUW ZsSxVbgrd+8ibpNhue5Q/NWqtZ1FG GC7iEa/DgBlpwD23oAIMEnuEV3hzj vDjvzscqWnKKmXP4A+fzB411kLU= </latexit><latexit sha1_b ase64="t+G94jOXzOB/IJqX2bhMw L4ShRY=">AAAB8nicbVDLSsNAFL2p r1pfVZduBlvBVUm60WXBjcsK9gFt KJPJTTt0MgkzE6GEfoYbF4q49Wvc+ TdO2yy09cDA4ZxzmXtPkAqujet+O6 Wt7Z3dvfJ+5eDw6PikenrW1UmmGH ZYIhLVD6hGwSV2DDcC+6lCGgcCe8H 0buH3nlBpnshHM0vRj+lY8ogzaqw 0qNuEoKnGsD6q1tyGuwTZJF5BalCg Pap+DcOEZTFKwwTVeuC5qfFzqgxn AueVYaYxpWxKxziwVNIYtZ8vV56TK 6uEJEqUfdKQpfp7Iqex1rM4sMmYm ole9xbif94gM9Gtn3OZZgYlW30UZY KYhCzuJyFXyIyYWUKZ4nZXwiZUUW ZsSxVbgrd+8ibpNhue5Q/NWqtZ1FG GC7iEa/DgBlpwD23oAIMEnuEV3hzj vDjvzscqWnKKmXP4A+fzB411kLU= </latexit><latexit sha1_b ase64="t+G94jOXzOB/IJqX2bhMw L4ShRY=">AAAB8nicbVDLSsNAFL2p r1pfVZduBlvBVUm60WXBjcsK9gFt KJPJTTt0MgkzE6GEfoYbF4q49Wvc+ TdO2yy09cDA4ZxzmXtPkAqujet+O6 Wt7Z3dvfJ+5eDw6PikenrW1UmmGH ZYIhLVD6hGwSV2DDcC+6lCGgcCe8H 0buH3nlBpnshHM0vRj+lY8ogzaqw 0qNuEoKnGsD6q1tyGuwTZJF5BalCg Pap+DcOEZTFKwwTVeuC5qfFzqgxn AueVYaYxpWxKxziwVNIYtZ8vV56TK 6uEJEqUfdKQpfp7Iqex1rM4sMmYm ole9xbif94gM9Gtn3OZZgYlW30UZY KYhCzuJyFXyIyYWUKZ4nZXwiZUUW ZsSxVbgrd+8ibpNhue5Q/NWqtZ1FG GC7iEa/DgBlpwD23oAIMEnuEV3hzj vDjvzscqWnKKmXP4A+fzB411kLU= </latexit>
↵ = ↵c(p) line
<latexit sha1_base64="SeMQ +SjEQvepS1bGwMNU97/1jk4=">AAACAnicbVDLSgMxFL1TX7W+ Rl2Jm2Ar1E2Z6UY3QsGNywr2Ae0wZNK0Dc1khiQjlKG68VfcuFD ErV/hzr8x0xbR1gMhh3Puvck9QcyZ0o7zZeVWVtfWN/Kbha3tnd 09e/+gqaJEEtogEY9kO8CKciZoQzPNaTuWFIcBp61gdJX5rTsq FYvErR7H1AvxQLA+I1gbybePSl3M4yG+nF0+Kcdn99mwkm8XnYo zBfoh7iIpwhx13/7s9iKShFRowrFSHdeJtZdiqRnhdFLoJorGmI zwgHYMFTikykunK0zQqVF6qB9Jc4RGU/V3R4pDpcZhYCpDrIdq 0cvE/7xOovsXXspEnGgqyOyhfsKRjlCWB+oxSYnmY0Mwkcz8FZE hlphok1rBhLC08jJpViuu4TfVYq06jyMPx3ACZXDhHGpwDXVoA IEHeIIXeLUerWfrzXqfleasec8h/IH18Q0X+paG</latexit><latexit sha1_base64="SeMQ +SjEQvepS1bGwMNU97/1jk4=">AAACAnicbVDLSgMxFL1TX7W+ Rl2Jm2Ar1E2Z6UY3QsGNywr2Ae0wZNK0Dc1khiQjlKG68VfcuFD ErV/hzr8x0xbR1gMhh3Puvck9QcyZ0o7zZeVWVtfWN/Kbha3tnd 09e/+gqaJEEtogEY9kO8CKciZoQzPNaTuWFIcBp61gdJX5rTsq FYvErR7H1AvxQLA+I1gbybePSl3M4yG+nF0+Kcdn99mwkm8XnYo zBfoh7iIpwhx13/7s9iKShFRowrFSHdeJtZdiqRnhdFLoJorGmI zwgHYMFTikykunK0zQqVF6qB9Jc4RGU/V3R4pDpcZhYCpDrIdq 0cvE/7xOovsXXspEnGgqyOyhfsKRjlCWB+oxSYnmY0Mwkcz8FZE hlphok1rBhLC08jJpViuu4TfVYq06jyMPx3ACZXDhHGpwDXVoA IEHeIIXeLUerWfrzXqfleasec8h/IH18Q0X+paG</latexit><latexit sha1_base64="SeMQ +SjEQvepS1bGwMNU97/1jk4=">AAACAnicbVDLSgMxFL1TX7W+ Rl2Jm2Ar1E2Z6UY3QsGNywr2Ae0wZNK0Dc1khiQjlKG68VfcuFD ErV/hzr8x0xbR1gMhh3Puvck9QcyZ0o7zZeVWVtfWN/Kbha3tnd 09e/+gqaJEEtogEY9kO8CKciZoQzPNaTuWFIcBp61gdJX5rTsq FYvErR7H1AvxQLA+I1gbybePSl3M4yG+nF0+Kcdn99mwkm8XnYo zBfoh7iIpwhx13/7s9iKShFRowrFSHdeJtZdiqRnhdFLoJorGmI zwgHYMFTikykunK0zQqVF6qB9Jc4RGU/V3R4pDpcZhYCpDrIdq 0cvE/7xOovsXXspEnGgqyOyhfsKRjlCWB+oxSYnmY0Mwkcz8FZE hlphok1rBhLC08jJpViuu4TfVYq06jyMPx3ACZXDhHGpwDXVoA IEHeIIXeLUerWfrzXqfleasec8h/IH18Q0X+paG</latexit><latexit sha1_base64="SeMQ +SjEQvepS1bGwMNU97/1jk4=">AAACAnicbVDLSgMxFL1TX7W+ Rl2Jm2Ar1E2Z6UY3QsGNywr2Ae0wZNK0Dc1khiQjlKG68VfcuFD ErV/hzr8x0xbR1gMhh3Puvck9QcyZ0o7zZeVWVtfWN/Kbha3tnd 09e/+gqaJEEtogEY9kO8CKciZoQzPNaTuWFIcBp61gdJX5rTsq FYvErR7H1AvxQLA+I1gbybePSl3M4yG+nF0+Kcdn99mwkm8XnYo zBfoh7iIpwhx13/7s9iKShFRowrFSHdeJtZdiqRnhdFLoJorGmI zwgHYMFTikykunK0zQqVF6qB9Jc4RGU/V3R4pDpcZhYCpDrIdq 0cvE/7xOovsXXspEnGgqyOyhfsKRjlCWB+oxSYnmY0Mwkcz8FZE hlphok1rBhLC08jJpViuu4TfVYq06jyMPx3ACZXDhHGpwDXVoA IEHeIIXeLUerWfrzXqfleasec8h/IH18Q0X+paG</latexit>
FIG. 2. Phase diagram in the (p, α) plane. For p > 1, the
blue dashed line αc(p) separates an active-like phase for α >
αc(p) and a passive-like phase for α < αc(p). The stationary
solution P (x) is divergent at the edges in the active-like phase
while it goes to zero in the passive-like phase. Exactly on the
marginal line p = 1, there is a critical value αc = v0: for
α < αc = v0, P (x) has a symmetric exponential decay while,
for α ≥ αc = v0, the stationary state collapses to a delta
function at the origin, i.e., P (x) = δ(x). For p < 1, for all
α > 0, the stationary state is again given by a delta function,
P (x) = δ(x). To obtain this phase diagram we have chosen
γ = 1. However, for other values of γ the phase diagram is
qualitatively the same.
We start by deriving the Fokker-Planck equation as-
sociated to the Langevin equation (3). Since the tele-
graphic noise v0 σ(t) in (3) takes only two values ±v0,
it is natural to define P+(x, t) and P−(x, t) denoting the
probability densities for the particle to be at position x at
time t with velocity +v0 and −v0, respectively. Clearly,
the main object of interest is the full probability density
P (x, t) = P+(x, t) + P−(x, t). It is quite easy to see that
these two densities P+(x, t) and P−(x, t) evolve according
to
∂P+
∂t
= − ∂
∂x
[(f(x) + v0)P+]− γ P+ + γP− , (5)
∂P−
∂t
= − ∂
∂x
[(f(x)− v0)P−] + γ P+ − γP− . (6)
where the first term in both the equation appear from
the drift term f(x) ± v0 in the Langevin Eq. (3), while
the remaining terms appear due to the stochastic change
in the direction of the velocity with rate γ. For suf-
ficiently confining potentials, we expect the system to
reach a stationary state which is obtained by setting the
time derivative to be zero on the left hand side in Eqs. (5)
and (6). We denote the stationary distributions P±(x)
(dropping the t-dependence) which then satisfy a pair of
positionx+x  0
FIG. 3. Illustration of the confinement of the particle within
the finite box [x−, x+], where f(x±) = ∓v0 [see Eq. (9)].
The red arrows represent the direction of the drift felt by the
particle outside of the box [see Eq. (3)].
coupled first-order differential equations
d
dx
[(f(x) + v0)P+] + γ P+ − γP− = 0, (7)
d
dx
[(f(x)− v0)P−]− γ P+ + γP− = 0 . (8)
To solve these differential equations, we need to specify
the boundary conditions for P+(x) and P−(x). For that,
we first need to know where the boundaries are. In fact,
it turns out that in the steady state, for sufficiently con-
fining potentials, these active particles accumulate over
a finite region of space around the minimum of the con-
fining potential (assuming that it has a single minimum,
such as in a harmonic potential). This can be easily seen
by examining the Langevin equation (3). We first note
that the right hand side of Eq. (3) has two fixed points
x± such that
f(x−) = v0 , f(x+) = −v0 , with x+ > x− . (9)
For example, for a harmonic potential V (x) = µx2/2,
f(x) = −µx and hence x± = ±v0/µ. Consider a particle
with position x > x+. Then the drift is always towards
the center of the trap, no matter what the sign of σ(t) is,
as long as x > x+ (see Fig. 3). Thus, even if the particle
starts with initial position x0 > x+, it will eventually
arrive at a position x < x+. Similarly, for any particle
with position x ≤ x−, the drift is always towards the
center, irrespective of the sign of σ(t). Hence, eventu-
ally, the position of the particle will be larger than x−,
even if it starts to the left of x− (see Fig. 3). Thus
it is clear that, in the steady state, the probability dis-
tribution will have a finite support [x−, x+] where it is
non-zero, while it vanishes outside this box (see Fig. 3).
Therefore, the steady state equations in (7) and (8) are
valid for x ∈ [x−, x+] and we need to specify the bound-
ary conditions at x = x±. To find these boundary condi-
tions, we note that if the particle is at x+ with a negative
velocity, it always moves to the left of x+. Therefore, in
the stationary state, there can not be any particle at x+
with a negative velocity, indicating that
P−(x+) = 0 . (10)
4P
±
(x
)
x
-1.0 -0.5 0.0 0.5 1.00.0
0.1
0.2
0.3
0.4
0.5
0.6
P+(x)
P (x)
  = 1.5}
P (x)
P+(x)
  = 0.5}
FIG. 4. Numerical verification of the theoretical results of
the distributions P±(x) in (25) for the harmonic potential
V (x) = αx2 = µx2/2, setting v0 = 1 and µ = 1, i.e. α =
1/2. In this case x+ = +1 and x− = −1. The filled black
squares correspond to P+(x) whereas the filled black circles
correspond to P−(x) obtained from the simulation for γ = 1.5.
The red points correspond to another value of γ = 0.5. The
solid lines are obtained from the theoretical expression in Eq.
(25), respectively for γ = 1.5 and γ = 0.5. We observe that,
as in the case of P (x), the distributions P±(x) also undergo
a shape transition as one varies γ across γc = 2α = 1. Thus
γ = 1.5 > γc = 1 corresponds to the passive-like regime,
while γ = 0.5 < γc = 1 corresponds to the active-like regime.
Moreover in the active-like regime (γ < γc) the distributions
P±(x) have diverging (integrable) behavior at the edges x =
x± whereas they satisfy the boundary conditions in Eqs. (10)
and (11) on the other edges x = x∓ respectively.
Note that P+(x) remains unspecified at x = x+. A simi-
lar argument at x− shows that
P+(x−) = 0 , (11)
while P−(x) remains unspecified at x = x−. With this
pair of boundary conditions (10) and (11), the differential
equations in Eqs. (7) and (8) admit a unique solution
that we determine below.
To proceed, we add and subtract these two equations
(7) and (8). Defining
P (x) = P+(x) + P−(x), (12)
Q(x) = P+(x)− P−(x) , (13)
they satisfy, respectively, the equations
d
dx
[f(x)P + v0Q] = 0, (14)
d
dx
[f(x)Q+ v0 P ] + 2γQ = 0 . (15)
Eq. (14) implies
[f(x)P + v0Q] = C, (16)
where C is a constant. To determine this constant,
we now invoke the boundary conditions (10) and (11).
Clearly, Eq. (16) holds for all x ∈ [x−, x+]. Setting
x = x− we get
[f(x−) + v0]P+(x−) + [f(x−)− v0]P−(x−) = C . (17)
Using f(x−) = v0 from Eq. (9), and the boundary con-
dition P+(x−) = 0 from Eq. (10), we get C = 0. Hence
from Eq. (16), we get
Q(x) = − 1
v0
f(x)P (x) . (18)
We now substitute this equation in Eq. (15) and obtain
d
dx
[
(v20 − f2(x))P (x)
]− 2γf(x)P (x) = 0 . (19)
Solving this equation, we get
P (x) =
A
v20 − f2(x)
exp
(
2γ
∫ x
0
dy
f(y)
v20 − f2(y)
)
, (20)
valid for x− ≤ x ≤ x+. The overall constant A in (20)
is determined from the normalisation
∫ x+
x−
P (x) dx = 1.
This provides the general steady state solution for ar-
bitrary f(x), provided P (x) is normalisable. Below, we
analyse this formula for the stationary distribution (20)
for confining potentials of the type V (x) = α |x|p, i.e.,
with f(x) = −αp sgn(x) |x|p−1. We will see below that
the situation is quite different for p > 1 and p < 1, in-
cluding the marginal case p = 1. We first start with the
p = 2 case, which corresponds to a harmonic potential
V (x) = αx2.
Harmonic potential (p = 2). To analyse the implications
of this solution in Eq. (20), let us first focus on the
specific example of a harmonic potential V (x) = αx2
and for using the standard notations of the harmonic
oscillator we set α = µ/2 where µ is the standard spring
constant. In this case, using f(x) = −µx, and x± =
±v0/µ, one gets from Eq. (20)
P (x) =
2
4γ/µB(γ/µ, γ/µ)
µ
v0
[
1−
(
µx
v0
)2]φ
, (21)
where B(α, β) is the beta function and the exponent
φ =
γ
µ
− 1 = γ
2α
− 1 , (22)
where we used α = µ/2. Clearly, this solution is sym-
metric around x = 0 and has a finite support over
−v0/µ ≤ x ≤ v0/µ. We have verified this prediction
in Eq. (21) numerically for two different values of γ (see
Fig. 5). Interestingly, the shape of the solution in Eq.
(21) depends on the exponent φ. If φ > 0, the solution
vanishes at the two ends ±v0/µ of the support, while for
φ < 0, the solution diverges at the two ends. This shape
transition occurs at φ = 0 which corresponds to a criti-
cal value γc = µ = 2α. Indeed, the solution is concave-
shaped for γ > γc and convex-shaped for γ < γc. To ap-
preciate this shape transition, it is instructive to compare
5

P
(x
)
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FIG. 5. Numerical verification of the theoretical result of the
steady state distribution in (21) for the harmonic potential
V (x) = αx2 = µx2/2, setting v0 = 1 and µ = 1, i.e. α =
1/2. In this case, the shape-transition can be accessed by
varying the parameter γ (as discussed in the text), for fixed
α = 1/2. The critical value of γ is γc = 2α = 1. For γ <
γc = 1, the theory predicts an active-like phase where P (x)
is U-shaped, while for γ > γc = 1, a passive-like phase with a
bell-shaped P (x) (more appropriately an inverted U-shaped
P (x)). Exactly at the critical point γ = γc = 1, one would
obtain a flat distribution P (x) as predicted in (21) with φ = 0.
We performed simulations for three different values of γ = 1/2
(red), 1 (blue) and 3/2 (black) to probe these three different
cases. The agreement with the theoretical predictions in (21)
is excellent.
this solution for the active particle to that of a passive
particle described by the Langevin equation (3) with the
same force f(x) = −µx, but driven by a delta-correlated
white noise. In this passive case, Eq. (3) just describes
an Ornstein-Uhlenbeck (OU) process, whose steady state
has the Boltzmann distribution
POU(x) =
√
µ
2piD
e−
µ
2D x
2
, (23)
valid over the full space. It is easy to check that the ac-
tive solution in Eq. (21) actually approaches the Boltz-
mann distribution in (23) in the limit γ → ∞, v0 → ∞
but keeping the ratio v20/γ = 2D fixed. Indeed, in the
γ →∞ limit, the telegraphic noise approaches the delta-
correlated noise and naturally the two stationary solu-
tions also coincide. However, for finite γ, the active noise
has an exponentially decaying memory and this leads to
highly non-Boltzmann distributions in Eq. (21). While
for γ > γc, the stationary distribution P (x) still retains
a single peak structure (as in the γ → ∞ Boltzmann
case), it undergoes a “shape transition” at γ = γc. For
γ < γc, the stationary distribution has a double-peaked
structure (with diverging peaks at x = ±v0/µ), with a
minimum at the center of the trap at x = 0. Thus, the
single-peak structure is a signature of a passive phase,
while the double-peak structure signifies an active phase.
By reducing γ, one crosses over from this passive phase
(γ > γc) to an active phase (γ < γc). Alternatively,


  = 3.5
<latexit sha1_base64="ztaDS58OFJt9uvC6+OD9oKR6t6g=">AAAB 9HicbZDPSwJBFMff2i+zX1bHLkMadJJdI+oSCF06GqQJusjbcVYHZ3a3mVlBxL+jS4ciuvbHdOu/adQ9lPaFgQ/f9x7vzTdIBNfGdb+d3Nr6xu ZWfruws7u3f1A8PGrqOFWUNWgsYtUKUDPBI9Yw3AjWShRDGQj2GAxvZ/XHEVOax9GDGSfMl9iPeMgpGmv55U4fpURyc1G5LHeLJbfizkVWwcugB Jnq3eJXpxfTVLLIUIFatz03Mf4EleFUsGmhk2qWIB1in7UtRiiZ9ifzo6fkzDo9EsbKvsiQuft7YoJS67EMbKdEM9DLtZn5X62dmvDan/AoSQ2 L6GJRmApiYjJLgPS4YtSIsQWkittbCR2gQmpsTgUbgrf85VVoViue5ftqqVbN4sjDCZzCOXhwBTW4gzo0gMITPMMrvDkj58V5dz4WrTknmzmGP3 I+fwB0apCE</latexit><latexit sha1_base64="ztaDS58OFJt9uvC6+OD9oKR6t6g=">AAAB 9HicbZDPSwJBFMff2i+zX1bHLkMadJJdI+oSCF06GqQJusjbcVYHZ3a3mVlBxL+jS4ciuvbHdOu/adQ9lPaFgQ/f9x7vzTdIBNfGdb+d3Nr6xu ZWfruws7u3f1A8PGrqOFWUNWgsYtUKUDPBI9Yw3AjWShRDGQj2GAxvZ/XHEVOax9GDGSfMl9iPeMgpGmv55U4fpURyc1G5LHeLJbfizkVWwcugB Jnq3eJXpxfTVLLIUIFatz03Mf4EleFUsGmhk2qWIB1in7UtRiiZ9ifzo6fkzDo9EsbKvsiQuft7YoJS67EMbKdEM9DLtZn5X62dmvDan/AoSQ2 L6GJRmApiYjJLgPS4YtSIsQWkittbCR2gQmpsTgUbgrf85VVoViue5ftqqVbN4sjDCZzCOXhwBTW4gzo0gMITPMMrvDkj58V5dz4WrTknmzmGP3 I+fwB0apCE</latexit><latexit sha1_base64="ztaDS58OFJt9uvC6+OD9oKR6t6g=">AAAB 9HicbZDPSwJBFMff2i+zX1bHLkMadJJdI+oSCF06GqQJusjbcVYHZ3a3mVlBxL+jS4ciuvbHdOu/adQ9lPaFgQ/f9x7vzTdIBNfGdb+d3Nr6xu ZWfruws7u3f1A8PGrqOFWUNWgsYtUKUDPBI9Yw3AjWShRDGQj2GAxvZ/XHEVOax9GDGSfMl9iPeMgpGmv55U4fpURyc1G5LHeLJbfizkVWwcugB Jnq3eJXpxfTVLLIUIFatz03Mf4EleFUsGmhk2qWIB1in7UtRiiZ9ifzo6fkzDo9EsbKvsiQuft7YoJS67EMbKdEM9DLtZn5X62dmvDan/AoSQ2 L6GJRmApiYjJLgPS4YtSIsQWkittbCR2gQmpsTgUbgrf85VVoViue5ftqqVbN4sjDCZzCOXhwBTW4gzo0gMITPMMrvDkj58V5dz4WrTknmzmGP3 I+fwB0apCE</latexit><latexit sha1_base64="ztaDS58OFJt9uvC6+OD9oKR6t6g=">AAAB 9HicbZDPSwJBFMff2i+zX1bHLkMadJJdI+oSCF06GqQJusjbcVYHZ3a3mVlBxL+jS4ciuvbHdOu/adQ9lPaFgQ/f9x7vzTdIBNfGdb+d3Nr6xu ZWfruws7u3f1A8PGrqOFWUNWgsYtUKUDPBI9Yw3AjWShRDGQj2GAxvZ/XHEVOax9GDGSfMl9iPeMgpGmv55U4fpURyc1G5LHeLJbfizkVWwcugB Jnq3eJXpxfTVLLIUIFatz03Mf4EleFUsGmhk2qWIB1in7UtRiiZ9ifzo6fkzDo9EsbKvsiQuft7YoJS67EMbKdEM9DLtZn5X62dmvDan/AoSQ2 L6GJRmApiYjJLgPS4YtSIsQWkittbCR2gQmpsTgUbgrf85VVoViue5ftqqVbN4sjDCZzCOXhwBTW4gzo0gMITPMMrvDkj58V5dz4WrTknmzmGP3 I+fwB0apCE</latexit>
  = 5.0
<latexit sha1_base64="39n5b4Dyz2jhUjS9eQo6TQtXEnQ=">AAAB 9HicbZBNSwMxEIZn61etX1WPXoKt4KnsFkQvQsGLxwr2A9qlzKZpG5rsrkm2UJb+Di8eFPHqj/HmvzFt96CtLwQe3plhJm8QC66N6347uY3Nre 2d/G5hb//g8Kh4fNLUUaIoa9BIRKodoGaCh6xhuBGsHSuGMhCsFYzv5vXWhCnNo/DRTGPmSxyGfMApGmv55e4QpURye1Vxy71iya24C5F18DIoQ aZ6r/jV7Uc0kSw0VKDWHc+NjZ+iMpwKNit0E81ipGMcso7FECXTfro4ekYurNMng0jZFxqycH9PpCi1nsrAdko0I71am5v/1TqJGdz4KQ/jxLC QLhcNEkFMROYJkD5XjBoxtYBUcXsroSNUSI3NqWBD8Fa/vA7NasWz/FAt1apZHHk4g3O4BA+uoQb3UIcGUHiCZ3iFN2fivDjvzseyNedkM6fwR8 7nD2/fkIE=</latexit><latexit sha1_base64="39n5b4Dyz2jhUjS9eQo6TQtXEnQ=">AAAB 9HicbZBNSwMxEIZn61etX1WPXoKt4KnsFkQvQsGLxwr2A9qlzKZpG5rsrkm2UJb+Di8eFPHqj/HmvzFt96CtLwQe3plhJm8QC66N6347uY3Nre 2d/G5hb//g8Kh4fNLUUaIoa9BIRKodoGaCh6xhuBGsHSuGMhCsFYzv5vXWhCnNo/DRTGPmSxyGfMApGmv55e4QpURye1Vxy71iya24C5F18DIoQ aZ6r/jV7Uc0kSw0VKDWHc+NjZ+iMpwKNit0E81ipGMcso7FECXTfro4ekYurNMng0jZFxqycH9PpCi1nsrAdko0I71am5v/1TqJGdz4KQ/jxLC QLhcNEkFMROYJkD5XjBoxtYBUcXsroSNUSI3NqWBD8Fa/vA7NasWz/FAt1apZHHk4g3O4BA+uoQb3UIcGUHiCZ3iFN2fivDjvzseyNedkM6fwR8 7nD2/fkIE=</latexit><latexit sha1_base64="39n5b4Dyz2jhUjS9eQo6TQtXEnQ=">AAAB 9HicbZBNSwMxEIZn61etX1WPXoKt4KnsFkQvQsGLxwr2A9qlzKZpG5rsrkm2UJb+Di8eFPHqj/HmvzFt96CtLwQe3plhJm8QC66N6347uY3Nre 2d/G5hb//g8Kh4fNLUUaIoa9BIRKodoGaCh6xhuBGsHSuGMhCsFYzv5vXWhCnNo/DRTGPmSxyGfMApGmv55e4QpURye1Vxy71iya24C5F18DIoQ aZ6r/jV7Uc0kSw0VKDWHc+NjZ+iMpwKNit0E81ipGMcso7FECXTfro4ekYurNMng0jZFxqycH9PpCi1nsrAdko0I71am5v/1TqJGdz4KQ/jxLC QLhcNEkFMROYJkD5XjBoxtYBUcXsroSNUSI3NqWBD8Fa/vA7NasWz/FAt1apZHHk4g3O4BA+uoQb3UIcGUHiCZ3iFN2fivDjvzseyNedkM6fwR8 7nD2/fkIE=</latexit><latexit sha1_base64="39n5b4Dyz2jhUjS9eQo6TQtXEnQ=">AAAB 9HicbZBNSwMxEIZn61etX1WPXoKt4KnsFkQvQsGLxwr2A9qlzKZpG5rsrkm2UJb+Di8eFPHqj/HmvzFt96CtLwQe3plhJm8QC66N6347uY3Nre 2d/G5hb//g8Kh4fNLUUaIoa9BIRKodoGaCh6xhuBGsHSuGMhCsFYzv5vXWhCnNo/DRTGPmSxyGfMApGmv55e4QpURye1Vxy71iya24C5F18DIoQ aZ6r/jV7Uc0kSw0VKDWHc+NjZ+iMpwKNit0E81ipGMcso7FECXTfro4ekYurNMng0jZFxqycH9PpCi1nsrAdko0I71am5v/1TqJGdz4KQ/jxLC QLhcNEkFMROYJkD5XjBoxtYBUcXsroSNUSI3NqWBD8Fa/vA7NasWz/FAt1apZHHk4g3O4BA+uoQb3UIcGUHiCZ3iFN2fivDjvzseyNedkM6fwR8 7nD2/fkIE=</latexit>
P
(x
)
<latexit sha1_base64="zFV2eOgABY9lzxz/7ll73JHlSG4=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbNAdiRuXmMglgQnplA5UOu2k7RjJhHdw40Jj3Po+7nwbC8xCwT9p8uU/56Tn/EHMmTau++3kNja3tnfyu4W9/YPDo+LxSVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzM651HqjST4t5MY+pHeCRYyAg21mqXm5Wny/KgWHKr7kJoHbwMSpCpOSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9iwJHVPvpYtsZurDOEIVS2ScMWri/J1IcaT2NAtsZYTPWq7W5+V+tl5jwyk+ZiBNDBVl+FCYcGYnmp6MhU5QYPrWAiWJ2V0TGWGFibEAFG4K3evI6tGtVz/JdrdS4zuLIwxmcQwU8qEMDbqEJLSDwAM/wCm+OdF6cd+dj2ZpzsplT+CPn8wcARI4M</latexit><latexit sha1_base64="zFV2eOgABY9lzxz/7ll73JHlSG4=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbNAdiRuXmMglgQnplA5UOu2k7RjJhHdw40Jj3Po+7nwbC8xCwT9p8uU/56Tn/EHMmTau++3kNja3tnfyu4W9/YPDo+LxSVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzM651HqjST4t5MY+pHeCRYyAg21mqXm5Wny/KgWHKr7kJoHbwMSpCpOSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9iwJHVPvpYtsZurDOEIVS2ScMWri/J1IcaT2NAtsZYTPWq7W5+V+tl5jwyk+ZiBNDBVl+FCYcGYnmp6MhU5QYPrWAiWJ2V0TGWGFibEAFG4K3evI6tGtVz/JdrdS4zuLIwxmcQwU8qEMDbqEJLSDwAM/wCm+OdF6cd+dj2ZpzsplT+CPn8wcARI4M</latexit><latexit sha1_base64="zFV2eOgABY9lzxz/7ll73JHlSG4=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbNAdiRuXmMglgQnplA5UOu2k7RjJhHdw40Jj3Po+7nwbC8xCwT9p8uU/56Tn/EHMmTau++3kNja3tnfyu4W9/YPDo+LxSVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzM651HqjST4t5MY+pHeCRYyAg21mqXm5Wny/KgWHKr7kJoHbwMSpCpOSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9iwJHVPvpYtsZurDOEIVS2ScMWri/J1IcaT2NAtsZYTPWq7W5+V+tl5jwyk+ZiBNDBVl+FCYcGYnmp6MhU5QYPrWAiWJ2V0TGWGFibEAFG4K3evI6tGtVz/JdrdS4zuLIwxmcQwU8qEMDbqEJLSDwAM/wCm+OdF6cd+dj2ZpzsplT+CPn8wcARI4M</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="jHMEFMwhXbZ8fmq2Uds5g/hpmjU=">AAAB4nicbZBLSwMxFIXv1FetVatbN8FWqJsy40aXghuXFewD2qFk0kwbm0mG5I5Yhv4HNy4U8Ue589+YPhZaPRD4OCch954olcKi7395hY3Nre2d4m5pr7x/cFg5KretzgzjLaalNt2IWi6F4i0UKHk3NZwmkeSdaHIzzzuP3Fih1T1OUx4mdKRELBhFZ7VrzfrTeW1QqfoNfyHyF4IVVGGl5qDy2R9qliVcIZPU2l7gpxjm1KBgks9K/czylLIJHfGeQ0UTbsN8Me2MnDlnSGJt3FFIFu7PFzlNrJ0mkbuZUBzb9Wxu/pf1MoyvwlyoNEOu2PKjOJMENZmvTobCcIZy6oAyI9yshI2poQxdQSVXQrC+8l9oXzQCx3c+FOEETqEOAVzCNdxCE1rA4AGe4RXePO29eO/Lugreqrdj+CXv4xvjoYy/</latexit><latexit sha1_base64="jHMEFMwhXbZ8fmq2Uds5g/hpmjU=">AAAB4nicbZBLSwMxFIXv1FetVatbN8FWqJsy40aXghuXFewD2qFk0kwbm0mG5I5Yhv4HNy4U8Ue589+YPhZaPRD4OCch954olcKi7395hY3Nre2d4m5pr7x/cFg5KretzgzjLaalNt2IWi6F4i0UKHk3NZwmkeSdaHIzzzuP3Fih1T1OUx4mdKRELBhFZ7VrzfrTeW1QqfoNfyHyF4IVVGGl5qDy2R9qliVcIZPU2l7gpxjm1KBgks9K/czylLIJHfGeQ0UTbsN8Me2MnDlnSGJt3FFIFu7PFzlNrJ0mkbuZUBzb9Wxu/pf1MoyvwlyoNEOu2PKjOJMENZmvTobCcIZy6oAyI9yshI2poQxdQSVXQrC+8l9oXzQCx3c+FOEETqEOAVzCNdxCE1rA4AGe4RXePO29eO/Lugreqrdj+CXv4xvjoYy/</latexit><latexit sha1_base64="a8PsakrT5TxG0HkwQm6zfN3Wdds=">AAAB7XicbZC7TsMwFIZPyq2UW4GRxaJFKkuVsABbJRbGItGL1EaV4zqtqWNHtoOoor4DCwMIsfI+bLwNbpoBWn7J0qf/nCOf8wcxZ9q47rdTWFvf2Nwqbpd2dvf2D8qHR20tE0Voi0guVTfAmnImaMsww2k3VhRHAaedYHIzr3ceqdJMinszjakf4ZFgISPYWKtdbdaezquDcsWtu5nQKng5VCBXc1D+6g8lSSIqDOFY657nxsZPsTKMcDor9RNNY0wmeER7FgWOqPbTbNsZOrPOEIVS2ScMytzfEymOtJ5Gge2MsBnr5drc/K/WS0x45adMxImhgiw+ChOOjETz09GQKUoMn1rARDG7KyJjrDAxNqCSDcFbPnkV2hd1z/KdW2lc53EU4QROoQYeXEIDbqEJLSDwAM/wCm+OdF6cd+dj0Vpw8plj+CPn8wf/lY4K</latexit><latexit sha1_base64="zFV2eOgABY9lzxz/7ll73JHlSG4=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbNAdiRuXmMglgQnplA5UOu2k7RjJhHdw40Jj3Po+7nwbC8xCwT9p8uU/56Tn/EHMmTau++3kNja3tnfyu4W9/YPDo+LxSVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzM651HqjST4t5MY+pHeCRYyAg21mqXm5Wny/KgWHKr7kJoHbwMSpCpOSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9iwJHVPvpYtsZurDOEIVS2ScMWri/J1IcaT2NAtsZYTPWq7W5+V+tl5jwyk+ZiBNDBVl+FCYcGYnmp6MhU5QYPrWAiWJ2V0TGWGFibEAFG4K3evI6tGtVz/JdrdS4zuLIwxmcQwU8qEMDbqEJLSDwAM/wCm+OdF6cd+dj2ZpzsplT+CPn8wcARI4M</latexit><latexit sha1_base64="zFV2eOgABY9lzxz/7ll73JHlSG4=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbNAdiRuXmMglgQnplA5UOu2k7RjJhHdw40Jj3Po+7nwbC8xCwT9p8uU/56Tn/EHMmTau++3kNja3tnfyu4W9/YPDo+LxSVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzM651HqjST4t5MY+pHeCRYyAg21mqXm5Wny/KgWHKr7kJoHbwMSpCpOSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9iwJHVPvpYtsZurDOEIVS2ScMWri/J1IcaT2NAtsZYTPWq7W5+V+tl5jwyk+ZiBNDBVl+FCYcGYnmp6MhU5QYPrWAiWJ2V0TGWGFibEAFG4K3evI6tGtVz/JdrdS4zuLIwxmcQwU8qEMDbqEJLSDwAM/wCm+OdF6cd+dj2ZpzsplT+CPn8wcARI4M</latexit><latexit sha1_base64="zFV2eOgABY9lzxz/7ll73JHlSG4=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbNAdiRuXmMglgQnplA5UOu2k7RjJhHdw40Jj3Po+7nwbC8xCwT9p8uU/56Tn/EHMmTau++3kNja3tnfyu4W9/YPDo+LxSVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzM651HqjST4t5MY+pHeCRYyAg21mqXm5Wny/KgWHKr7kJoHbwMSpCpOSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9iwJHVPvpYtsZurDOEIVS2ScMWri/J1IcaT2NAtsZYTPWq7W5+V+tl5jwyk+ZiBNDBVl+FCYcGYnmp6MhU5QYPrWAiWJ2V0TGWGFibEAFG4K3evI6tGtVz/JdrdS4zuLIwxmcQwU8qEMDbqEJLSDwAM/wCm+OdF6cd+dj2ZpzsplT+CPn8wcARI4M</latexit><latexit sha1_base64="zFV2eOgABY9lzxz/7ll73JHlSG4=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbNAdiRuXmMglgQnplA5UOu2k7RjJhHdw40Jj3Po+7nwbC8xCwT9p8uU/56Tn/EHMmTau++3kNja3tnfyu4W9/YPDo+LxSVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzM651HqjST4t5MY+pHeCRYyAg21mqXm5Wny/KgWHKr7kJoHbwMSpCpOSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9iwJHVPvpYtsZurDOEIVS2ScMWri/J1IcaT2NAtsZYTPWq7W5+V+tl5jwyk+ZiBNDBVl+FCYcGYnmp6MhU5QYPrWAiWJ2V0TGWGFibEAFG4K3evI6tGtVz/JdrdS4zuLIwxmcQwU8qEMDbqEJLSDwAM/wCm+OdF6cd+dj2ZpzsplT+CPn8wcARI4M</latexit><latexit sha1_base64="zFV2eOgABY9lzxz/7ll73JHlSG4=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbNAdiRuXmMglgQnplA5UOu2k7RjJhHdw40Jj3Po+7nwbC8xCwT9p8uU/56Tn/EHMmTau++3kNja3tnfyu4W9/YPDo+LxSVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzM651HqjST4t5MY+pHeCRYyAg21mqXm5Wny/KgWHKr7kJoHbwMSpCpOSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9iwJHVPvpYtsZurDOEIVS2ScMWri/J1IcaT2NAtsZYTPWq7W5+V+tl5jwyk+ZiBNDBVl+FCYcGYnmp6MhU5QYPrWAiWJ2V0TGWGFibEAFG4K3evI6tGtVz/JdrdS4zuLIwxmcQwU8qEMDbqEJLSDwAM/wCm+OdF6cd+dj2ZpzsplT+CPn8wcARI4M</latexit><latexit sha1_base64="zFV2eOgABY9lzxz/7ll73JHlSG4=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbNAdiRuXmMglgQnplA5UOu2k7RjJhHdw40Jj3Po+7nwbC8xCwT9p8uU/56Tn/EHMmTau++3kNja3tnfyu4W9/YPDo+LxSVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzM651HqjST4t5MY+pHeCRYyAg21mqXm5Wny/KgWHKr7kJoHbwMSpCpOSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9iwJHVPvpYtsZurDOEIVS2ScMWri/J1IcaT2NAtsZYTPWq7W5+V+tl5jwyk+ZiBNDBVl+FCYcGYnmp6MhU5QYPrWAiWJ2V0TGWGFibEAFG4K3evI6tGtVz/JdrdS4zuLIwxmcQwU8qEMDbqEJLSDwAM/wCm+OdF6cd+dj2ZpzsplT+CPn8wcARI4M</latexit>
x
<latexit sha1_base64="4r3fr7hwziDI+2+4KdXfM4s m1II=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORu1IbCwxCpjAhewtc7Bhb++yu2ckF36CjYXG2PqL7Pw3LnC Fgm+yyZN3ZrIzb5AIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE4+tZvfOIS vNY3ptJgn5Eh5KHnFFjrbvqU7Vfrrg1dy6yCl4OFcjV7Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1KGm E2s/mq07JmXUGJIyVfdKQuft7IqOR1pMosJ0RNSO9XJuZ/9W6qQkv/YzLJDUo2eKjMBXExGR2NxlwhcyIiQXKFLe7E jaiijJj0ynZELzlk1ehXa95lm/rlcZVHkcRTuAUzsGDC2jADTShBQyG8Ayv8OYI58V5dz4WrQUnnzmGP3I+fwCan41 N</latexit><latexit sha1_base64="4r3fr7hwziDI+2+4KdXfM4s m1II=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORu1IbCwxCpjAhewtc7Bhb++yu2ckF36CjYXG2PqL7Pw3LnC Fgm+yyZN3ZrIzb5AIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE4+tZvfOIS vNY3ptJgn5Eh5KHnFFjrbvqU7Vfrrg1dy6yCl4OFcjV7Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1KGm E2s/mq07JmXUGJIyVfdKQuft7IqOR1pMosJ0RNSO9XJuZ/9W6qQkv/YzLJDUo2eKjMBXExGR2NxlwhcyIiQXKFLe7E jaiijJj0ynZELzlk1ehXa95lm/rlcZVHkcRTuAUzsGDC2jADTShBQyG8Ayv8OYI58V5dz4WrQUnnzmGP3I+fwCan41 N</latexit><latexit sha1_base64="4r3fr7hwziDI+2+4KdXfM4s m1II=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORu1IbCwxCpjAhewtc7Bhb++yu2ckF36CjYXG2PqL7Pw3LnC Fgm+yyZN3ZrIzb5AIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE4+tZvfOIS vNY3ptJgn5Eh5KHnFFjrbvqU7Vfrrg1dy6yCl4OFcjV7Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1KGm E2s/mq07JmXUGJIyVfdKQuft7IqOR1pMosJ0RNSO9XJuZ/9W6qQkv/YzLJDUo2eKjMBXExGR2NxlwhcyIiQXKFLe7E jaiijJj0ynZELzlk1ehXa95lm/rlcZVHkcRTuAUzsGDC2jADTShBQyG8Ayv8OYI58V5dz4WrQUnnzmGP3I+fwCan41 N</latexit><latexit sha1_base64="4r3fr7hwziDI+2+4KdXfM4s m1II=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORu1IbCwxCpjAhewtc7Bhb++yu2ckF36CjYXG2PqL7Pw3LnC Fgm+yyZN3ZrIzb5AIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE4+tZvfOIS vNY3ptJgn5Eh5KHnFFjrbvqU7Vfrrg1dy6yCl4OFcjV7Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1KGm E2s/mq07JmXUGJIyVfdKQuft7IqOR1pMosJ0RNSO9XJuZ/9W6qQkv/YzLJDUo2eKjMBXExGR2NxlwhcyIiQXKFLe7E jaiijJj0ynZELzlk1ehXa95lm/rlcZVHkcRTuAUzsGDC2jADTShBQyG8Ayv8OYI58V5dz4WrQUnnzmGP3I+fwCan41 N</latexit>
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.60.0
0.2
0.4
0.6
0.8
1.0
1.2
FIG. 6. Numerical verification of the theoretical result of the
steady state distribution in (26) for V (x) = αx4. We set
the parameter values α = 1 and v0 = 1 and vary γ to probe
the shape-transition, as done for the harmonic case in Fig.
5. In this case, the critical value of γc, from Eq. (32) with
p = 4, is given by γc = 12 × 4−2/3 ≈ 4.7622. We considered
two representative values of γ = 3.5 < γc (black) and γ =
5 > γc (blue) corresponding respectively to the active and
passive-like phases. We find an excellent agreement between
the numerical simulations and the theoretical predictions in
Eq. (26).
this shape transition can also be viewed as a function of
α (for fixed γ). There is a critical value αc = γ/2 at
which the exponent φ in Eq. (22) changes sign. The ac-
tive phase γ < γc (where φ < 0) corresponds to α > αc
and the passive phase γ > γc (where φ > 0) corresponds
to α < αc.
Finally, we note that Eq. (21) gives the expression for
the total probability distribution P (x) = P+(x)+P−(x).
It is instructive to compute P+(x) ans P−(x) separately
also, as they have rather different behaviours because
the boundary conditions they satisfy are quite different
[see Eqs. (10) and (11)]. Indeed from Eq. (18), for
f(x) = −µx, we have
P+(x)− P−(x) = Q(x) = µx
v0
P (x) . (24)
This, along with P (x) = P+(x)+P−(x), allows to express
P+(x) and P−(x) in terms of P (x) in Eq. (21). This gives
P±(x) =
A
2
(
1± µx
v0
) γ
µ
(
1∓ µx
v0
) γ
µ−1
, (25)
where A is the normalization constant appearing in Eq.
(21), fixed by
∫ x+
x−
[P+(x) + P−(x)] dx = 1. Note that
the these distributions satisfy the boundary conditions
in Eqs. (10) and (11) respectively. In fig. 4 we verify
these expressions of P±(x) numerically and observe a nice
agreement.
Anharmonic confining potentials V (x) = α |x|p with
p > 1. We now analyse the general stationary solution
in Eq. (20) for the case V (x) = α |x|p, with p > 1. In
6this case f(x) = −V ′(x) = −αp|x|p−1sgn(x). Since the
general solution in Eq. (20) is symmetric around x = 0,
i.e., P (x) = P (−x), it is sufficient to consider P (x) for
x ≥ 0. Substituting f(x) = −αpxp−1 with x > 0 in Eq.
(20), we get
P (x) =
Bp
b2p − x2p−2
exp
[
− 2γ
α p
∫ x
0
yp−1
b2p − y2p−2
dy
]
,
(26)
where the parameter bp is given by
bp =
v0
αp
(27)
and the overall normalisation constant Bp is such that∫
P (x) dx = 1. The solution is actually symmetric
around x = 0 with a finite support [−b
1
p−1
p ,+b
1
p−1
p ]. We
next analyse Eq. (26) to see how the solution behaves
near the upper support end at x = x+ = b
1
p−1
p . Clearly,
by symmetry, it has the same behavior at the lower sup-
port x− = −b
1
p−1
p . To proceed, we set x = b
1
p−1
p − where
 > 0 is small. The integral inside the exponential in Eq.
(26) then reads
I() =
∫ b 1p−1p −
0
yp−1
b2p − y2p−2
dy . (28)
We next make a change of variable y → b 1p−1 − z in
the integral in Eq. (28), and expand the integrand to
leading order for small z. Performing the integral gives,
to leading order for small ,
I() ≈ − b
2−p
p−1
p
2(p− 1) ln  . (29)
Substituting this result in Eq. (26), we then find that
the stationary solution behaves, near the upper edge, as
P (x = b
1
p−1
p − ) ∼ φ , (30)
with a non-universal (i.e., parameter dependent) expo-
nent
φ =
b
2−p
p−1
p
αp(p− 1) γ − 1 =
1
p(p− 1)
(
v0
p
) 2−p
p−1 γ
α
1
p−1
− 1 .
(31)
Clearly, for p > 1, the exponent φ > −1, indicating that
P (x) in Eq. (30) is integrable near the edge. For p = 2,
setting α = µ/2, we recover φ = γ/µ− 1 as in Eq. (22).
For any p > 1, clearly there is a shape transition in the
(p, α) plane (see Fig. 2) accross the line
α = αc(p) =
(
v0
p
)2−p(
γ
p(p− 1)
)p−1
(32)
such that φ > 0 for α < αc and −1 < φ < 0 for α > αc.
Thus, as in the p = 2 case, there is a shape transition
(from converging edges to diverging edges) for generic
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FIG. 7. Numerical verification of the theoretical result of
the steady state distribution in (26) for V (x) = αx3/2. We
set the parameter values γ = 1 and v0 = 1 and vary α to
probe the shape-transition, as done for the harmonic case
in Fig. 5. In this case, the critical value of αc, from Eq.
(32) with p = 3/2, is given by αc =
2
√
2
3
= 0.942809. We
considered two representative values of α = 0.5 < αc (main
plot) and α = 1.5 > αc (inset) corresponding respectively
to the passive and active-like phases. We find an excellent
agreement between the numerical simulations (blue points)
and the theoretical predictions (solid red lines) in Eq. (26).
p > 1 as α increases through αc. The existence of this
critical line αc ≡ αc(p) in the (p, α) plane, separating an
active and a passive phase, is indeed the main new result
of this section.
Indeed the shape-transition for p > 1, where the ex-
ponent φ in Eq. (31) changes sign, can be accessed by
varying either α or γ. Indeed from Eq. (31), the expo-
nent φ only depends on the ratio γ/α
1
p−1 . Thus, small
(respectively large) γ corresponds to large (respectively
small) α for the same value of φ. While the phase dia-
gram in Fig. 2 is presented in the (p, α)-plane, for p > 1,
we can equivalently probe this transition by varying γ,
with α fixed. In fact, in the numerical simulations for
p = 2 (Fig. 5) and p = 4 (Fig. 6), we indeed kept α
fixed, while varying γ. In both cases, one clearly sees the
transition and an excellent agreement between theoreti-
cal predictions and simulations.
The behaviour near x = 0 is also interesting. Perform-
ing an analysis around x = 0, in the same was as was
done near the right edge at x = x+ = b
1
p−1
p , one finds for
p > 1 and small 
P () ' Bp
b2p
[
1− 2γ
αp2b2p
||p + 1
b2p
||2(p−1) +O(||3p−2)
]
.
We see that, as  → 0, the dominant sub-leading term
is either the second (if p > 2) or the third term (if
1 < p < 2). In the former case, the sign of the sub-
leading term is negative, while in the latter case it is pos-
itive. Consequently, the distribution P (x), near x = 0,
is convex for 1 < p < 2 whereas for p > 2 it is concave,
irrespective of whether α is greater or less than αc(p).
7The behaviour for 1 < p < 2 is demonstrated in Fig. 7
where the distribution P (x) is convex near x = 0 for both
α > αc and α < αc.
The marginal case p = 1 where V (x) = α |x|. In this
case, setting f(x) = −α sign(x) in Eq. (20), we find that
a non-localised stationary solution exists only for α ≤ v0
where it is given by
P (x) =
γα
v20 − α2
exp
(
− 2γα
v20 − α2
|x|
)
, −∞ ≤ x ≤ ∞ .
(33)
Note that, unlike in the p > 1 case, the stationary so-
lution is no-longer supported on a finite interval but ex-
tends over the full space. From this solution in Eq. (33),
we also see that, when α approaches v0 from below, the
stationary distribution approaches to a delta function
P (x) = δ(x) centred at the origin x = 0. Indeed, for
any α ≥ v0, the system collapses to a delta function at
x = 0, at long times. This can be seen by analysing the
Langevin equation (3) which reads, in this case,
dx
dt
= −α sgn(x) + v0 σ(t) . (34)
Imagine that the particle starts at some position x0 > 0
with positive velocity σ(0) = +1. If this velocity stays
at +1, and α > v0, the particle gets driven towards the
origin with x(t) = x0 − (α− v0) t. Thus, in a finite time,
it will arrive to the origin and subsequently it can not
escape the origin and eventually collapses to the origin,
giving rise to a delta function at x = 0. If the initial ve-
locity is negative σ(0) = −1, it arrives at the origin even
faster and, consequently, the same collapse phenomenon
to the origin occurs.
The case p < 1. This case is very similar to the marginal
case p = 1 with α > v0, as discussed above. Indeed, in
the large time limit, the stationary solution is given by
a delta-function at the origin P (x) = δ(x), for all p < 1
and arbitrary α > 0. To see this, we again consider the
Langevin equation that now reads
dx
dt
= −α p sgn(x)|x|p−1 + v0 σ(t) . (35)
We now consider a similar argument as in the marginal
case. We first assume that the particle starts at 0 < x0 <
x+ = b
1/(p−1)
p with bp = v0/(αp). In this case, irrespec-
tive of the sign of σ(t), the particle feels a force toward
the origin, which gets stronger and stronger as x → 0.
Thus, in this case, the particle eventually collapses to
x = 0. If the initial position x0 > x+ and if the initial
noise is positive the particle initially feels a force away
from the origin. However, when the noise changes sign,
it reverses the direction. Since the walk, at long times, is
expected to be recurrent, at some time, it will definitely
arrive at x = x+, and with probability one it will cross
to the other side. Once x(t) < x+, then again the par-
ticle gets strongly attracted to the origin, leading to an
eventual collapse to the origin. A similar argument can
P
(x
)
<latexit sha1_base64="zFV2eOgABY9lzxz/7ll73JHlSG4=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbNAdiRuXmMglgQnplA5UOu2k7RjJhHdw40Jj3Po+7nwbC8xCwT9p8uU/56Tn/EHMmTau++3kNja3tnfyu4W9/YPDo+LxSVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzM651HqjST4t5MY+pHeCRYyAg21mqXm5Wny/KgWHKr7kJoHbwMSpCpOSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9iwJHVPvpYtsZurDOEIVS2ScMWri/J1IcaT2NAtsZYTPWq7W5+V+tl5jwyk+ZiBNDBVl+FCYcGYnmp6MhU5QYPrWAiWJ2V0TGWGFibEAFG4K3evI6tGtVz/JdrdS4zuLIwxmcQwU8qEMDbqEJLSDwAM/wCm+OdF6cd+dj2ZpzsplT+CPn8wcARI4M</latexit><latexit sha1_base64="zFV2eOgABY9lzxz/7ll73JHlSG4=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbNAdiRuXmMglgQnplA5UOu2k7RjJhHdw40Jj3Po+7nwbC8xCwT9p8uU/56Tn/EHMmTau++3kNja3tnfyu4W9/YPDo+LxSVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzM651HqjST4t5MY+pHeCRYyAg21mqXm5Wny/KgWHKr7kJoHbwMSpCpOSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9iwJHVPvpYtsZurDOEIVS2ScMWri/J1IcaT2NAtsZYTPWq7W5+V+tl5jwyk+ZiBNDBVl+FCYcGYnmp6MhU5QYPrWAiWJ2V0TGWGFibEAFG4K3evI6tGtVz/JdrdS4zuLIwxmcQwU8qEMDbqEJLSDwAM/wCm+OdF6cd+dj2ZpzsplT+CPn8wcARI4M</latexit><latexit sha1_base64="zFV2eOgABY9lzxz/7ll73JHlSG4=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbNAdiRuXmMglgQnplA5UOu2k7RjJhHdw40Jj3Po+7nwbC8xCwT9p8uU/56Tn/EHMmTau++3kNja3tnfyu4W9/YPDo+LxSVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzM651HqjST4t5MY+pHeCRYyAg21mqXm5Wny/KgWHKr7kJoHbwMSpCpOSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9iwJHVPvpYtsZurDOEIVS2ScMWri/J1IcaT2NAtsZYTPWq7W5+V+tl5jwyk+ZiBNDBVl+FCYcGYnmp6MhU5QYPrWAiWJ2V0TGWGFibEAFG4K3evI6tGtVz/JdrdS4zuLIwxmcQwU8qEMDbqEJLSDwAM/wCm+OdF6cd+dj2ZpzsplT+CPn8wcARI4M</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="jHMEFMwhXbZ8fmq2Uds5g/hpmjU=">AAAB4nicbZBLSwMxFIXv1FetVatbN8FWqJsy40aXghuXFewD2qFk0kwbm0mG5I5Yhv4HNy4U8Ue589+YPhZaPRD4OCch954olcKi7395hY3Nre2d4m5pr7x/cFg5KretzgzjLaalNt2IWi6F4i0UKHk3NZwmkeSdaHIzzzuP3Fih1T1OUx4mdKRELBhFZ7VrzfrTeW1QqfoNfyHyF4IVVGGl5qDy2R9qliVcIZPU2l7gpxjm1KBgks9K/czylLIJHfGeQ0UTbsN8Me2MnDlnSGJt3FFIFu7PFzlNrJ0mkbuZUBzb9Wxu/pf1MoyvwlyoNEOu2PKjOJMENZmvTobCcIZy6oAyI9yshI2poQxdQSVXQrC+8l9oXzQCx3c+FOEETqEOAVzCNdxCE1rA4AGe4RXePO29eO/Lugreqrdj+CXv4xvjoYy/</latexit><latexit sha1_base64="jHMEFMwhXbZ8fmq2Uds5g/hpmjU=">AAAB4nicbZBLSwMxFIXv1FetVatbN8FWqJsy40aXghuXFewD2qFk0kwbm0mG5I5Yhv4HNy4U8Ue589+YPhZaPRD4OCch954olcKi7395hY3Nre2d4m5pr7x/cFg5KretzgzjLaalNt2IWi6F4i0UKHk3NZwmkeSdaHIzzzuP3Fih1T1OUx4mdKRELBhFZ7VrzfrTeW1QqfoNfyHyF4IVVGGl5qDy2R9qliVcIZPU2l7gpxjm1KBgks9K/czylLIJHfGeQ0UTbsN8Me2MnDlnSGJt3FFIFu7PFzlNrJ0mkbuZUBzb9Wxu/pf1MoyvwlyoNEOu2PKjOJMENZmvTobCcIZy6oAyI9yshI2poQxdQSVXQrC+8l9oXzQCx3c+FOEETqEOAVzCNdxCE1rA4AGe4RXePO29eO/Lugreqrdj+CXv4xvjoYy/</latexit><latexit sha1_base64="a8PsakrT5TxG0HkwQm6zfN3Wdds=">AAAB7XicbZC7TsMwFIZPyq2UW4GRxaJFKkuVsABbJRbGItGL1EaV4zqtqWNHtoOoor4DCwMIsfI+bLwNbpoBWn7J0qf/nCOf8wcxZ9q47rdTWFvf2Nwqbpd2dvf2D8qHR20tE0Voi0guVTfAmnImaMsww2k3VhRHAaedYHIzr3ceqdJMinszjakf4ZFgISPYWKtdbdaezquDcsWtu5nQKng5VCBXc1D+6g8lSSIqDOFY657nxsZPsTKMcDor9RNNY0wmeER7FgWOqPbTbNsZOrPOEIVS2ScMytzfEymOtJ5Gge2MsBnr5drc/K/WS0x45adMxImhgiw+ChOOjETz09GQKUoMn1rARDG7KyJjrDAxNqCSDcFbPnkV2hd1z/KdW2lc53EU4QROoQYeXEIDbqEJLSDwAM/wCm+OdF6cd+dj0Vpw8plj+CPn8wf/lY4K</latexit><latexit sha1_base64="zFV2eOgABY9lzxz/7ll73JHlSG4=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbNAdiRuXmMglgQnplA5UOu2k7RjJhHdw40Jj3Po+7nwbC8xCwT9p8uU/56Tn/EHMmTau++3kNja3tnfyu4W9/YPDo+LxSVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzM651HqjST4t5MY+pHeCRYyAg21mqXm5Wny/KgWHKr7kJoHbwMSpCpOSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9iwJHVPvpYtsZurDOEIVS2ScMWri/J1IcaT2NAtsZYTPWq7W5+V+tl5jwyk+ZiBNDBVl+FCYcGYnmp6MhU5QYPrWAiWJ2V0TGWGFibEAFG4K3evI6tGtVz/JdrdS4zuLIwxmcQwU8qEMDbqEJLSDwAM/wCm+OdF6cd+dj2ZpzsplT+CPn8wcARI4M</latexit><latexit sha1_base64="zFV2eOgABY9lzxz/7ll73JHlSG4=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbNAdiRuXmMglgQnplA5UOu2k7RjJhHdw40Jj3Po+7nwbC8xCwT9p8uU/56Tn/EHMmTau++3kNja3tnfyu4W9/YPDo+LxSVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzM651HqjST4t5MY+pHeCRYyAg21mqXm5Wny/KgWHKr7kJoHbwMSpCpOSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9iwJHVPvpYtsZurDOEIVS2ScMWri/J1IcaT2NAtsZYTPWq7W5+V+tl5jwyk+ZiBNDBVl+FCYcGYnmp6MhU5QYPrWAiWJ2V0TGWGFibEAFG4K3evI6tGtVz/JdrdS4zuLIwxmcQwU8qEMDbqEJLSDwAM/wCm+OdF6cd+dj2ZpzsplT+CPn8wcARI4M</latexit><latexit sha1_base64="zFV2eOgABY9lzxz/7ll73JHlSG4=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbNAdiRuXmMglgQnplA5UOu2k7RjJhHdw40Jj3Po+7nwbC8xCwT9p8uU/56Tn/EHMmTau++3kNja3tnfyu4W9/YPDo+LxSVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzM651HqjST4t5MY+pHeCRYyAg21mqXm5Wny/KgWHKr7kJoHbwMSpCpOSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9iwJHVPvpYtsZurDOEIVS2ScMWri/J1IcaT2NAtsZYTPWq7W5+V+tl5jwyk+ZiBNDBVl+FCYcGYnmp6MhU5QYPrWAiWJ2V0TGWGFibEAFG4K3evI6tGtVz/JdrdS4zuLIwxmcQwU8qEMDbqEJLSDwAM/wCm+OdF6cd+dj2ZpzsplT+CPn8wcARI4M</latexit><latexit sha1_base64="zFV2eOgABY9lzxz/7ll73JHlSG4=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbNAdiRuXmMglgQnplA5UOu2k7RjJhHdw40Jj3Po+7nwbC8xCwT9p8uU/56Tn/EHMmTau++3kNja3tnfyu4W9/YPDo+LxSVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzM651HqjST4t5MY+pHeCRYyAg21mqXm5Wny/KgWHKr7kJoHbwMSpCpOSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9iwJHVPvpYtsZurDOEIVS2ScMWri/J1IcaT2NAtsZYTPWq7W5+V+tl5jwyk+ZiBNDBVl+FCYcGYnmp6MhU5QYPrWAiWJ2V0TGWGFibEAFG4K3evI6tGtVz/JdrdS4zuLIwxmcQwU8qEMDbqEJLSDwAM/wCm+OdF6cd+dj2ZpzsplT+CPn8wcARI4M</latexit><latexit sha1_base64="zFV2eOgABY9lzxz/7ll73JHlSG4=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbNAdiRuXmMglgQnplA5UOu2k7RjJhHdw40Jj3Po+7nwbC8xCwT9p8uU/56Tn/EHMmTau++3kNja3tnfyu4W9/YPDo+LxSVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzM651HqjST4t5MY+pHeCRYyAg21mqXm5Wny/KgWHKr7kJoHbwMSpCpOSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9iwJHVPvpYtsZurDOEIVS2ScMWri/J1IcaT2NAtsZYTPWq7W5+V+tl5jwyk+ZiBNDBVl+FCYcGYnmp6MhU5QYPrWAiWJ2V0TGWGFibEAFG4K3evI6tGtVz/JdrdS4zuLIwxmcQwU8qEMDbqEJLSDwAM/wCm+OdF6cd+dj2ZpzsplT+CPn8wcARI4M</latexit><latexit sha1_base64="zFV2eOgABY9lzxz/7ll73JHlSG4=">AAAB7XicbZDLTgIxFIbP4A3xhrp00wgmuCEzbNAdiRuXmMglgQnplA5UOu2k7RjJhHdw40Jj3Po+7nwbC8xCwT9p8uU/56Tn/EHMmTau++3kNja3tnfyu4W9/YPDo+LxSVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNzM651HqjST4t5MY+pHeCRYyAg21mqXm5Wny/KgWHKr7kJoHbwMSpCpOSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9iwJHVPvpYtsZurDOEIVS2ScMWri/J1IcaT2NAtsZYTPWq7W5+V+tl5jwyk+ZiBNDBVl+FCYcGYnmp6MhU5QYPrWAiWJ2V0TGWGFibEAFG4K3evI6tGtVz/JdrdS4zuLIwxmcQwU8qEMDbqEJLSDwAM/wCm+OdF6cd+dj2ZpzsplT+CPn8wcARI4M</latexit>
x
<latexit sha1_base64="4r3fr7hwziDI+2+4KdXf M4sm1II=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORu1IbCwxCpjAhewtc7Bhb++yu2ckF36CjYXG 2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4 kCmkUCOwE4+tZvfOISvNY3ptJgn5Eh5KHnFFjrbvqU7Vfrrg1dy6yCl4OFcjV7Je/eoOYpRFKwwTVuuu5if EzqgxnAqelXqoxoWxMh9i1KGmE2s/mq07JmXUGJIyVfdKQuft7IqOR1pMosJ0RNSO9XJuZ/9W6qQkv/YzL JDUo2eKjMBXExGR2NxlwhcyIiQXKFLe7EjaiijJj0ynZELzlk1ehXa95lm/rlcZVHkcRTuAUzsGDC2jADTS hBQyG8Ayv8OYI58V5dz4WrQUnnzmGP3I+fwCan41N</latexit><latexit sha1_base64="4r3fr7hwziDI+2+4KdXf M4sm1II=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORu1IbCwxCpjAhewtc7Bhb++yu2ckF36CjYXG 2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4 kCmkUCOwE4+tZvfOISvNY3ptJgn5Eh5KHnFFjrbvqU7Vfrrg1dy6yCl4OFcjV7Je/eoOYpRFKwwTVuuu5if EzqgxnAqelXqoxoWxMh9i1KGmE2s/mq07JmXUGJIyVfdKQuft7IqOR1pMosJ0RNSO9XJuZ/9W6qQkv/YzL JDUo2eKjMBXExGR2NxlwhcyIiQXKFLe7EjaiijJj0ynZELzlk1ehXa95lm/rlcZVHkcRTuAUzsGDC2jADTS hBQyG8Ayv8OYI58V5dz4WrQUnnzmGP3I+fwCan41N</latexit><latexit sha1_base64="4r3fr7hwziDI+2+4KdXf M4sm1II=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORu1IbCwxCpjAhewtc7Bhb++yu2ckF36CjYXG 2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4 kCmkUCOwE4+tZvfOISvNY3ptJgn5Eh5KHnFFjrbvqU7Vfrrg1dy6yCl4OFcjV7Je/eoOYpRFKwwTVuuu5if EzqgxnAqelXqoxoWxMh9i1KGmE2s/mq07JmXUGJIyVfdKQuft7IqOR1pMosJ0RNSO9XJuZ/9W6qQkv/YzL JDUo2eKjMBXExGR2NxlwhcyIiQXKFLe7EjaiijJj0ynZELzlk1ehXa95lm/rlcZVHkcRTuAUzsGDC2jADTS hBQyG8Ayv8OYI58V5dz4WrQUnnzmGP3I+fwCan41N</latexit><latexit sha1_base64="4r3fr7hwziDI+2+4KdXf M4sm1II=">AAAB6nicbZA9TwJBEIbn8AvxC7W02QgmVuSORu1IbCwxCpjAhewtc7Bhb++yu2ckF36CjYXG 2PqL7Pw3LnCFgm+yyZN3ZrIzb5AIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4 kCmkUCOwE4+tZvfOISvNY3ptJgn5Eh5KHnFFjrbvqU7Vfrrg1dy6yCl4OFcjV7Je/eoOYpRFKwwTVuuu5if EzqgxnAqelXqoxoWxMh9i1KGmE2s/mq07JmXUGJIyVfdKQuft7IqOR1pMosJ0RNSO9XJuZ/9W6qQkv/YzL JDUo2eKjMBXExGR2NxlwhcyIiQXKFLe7EjaiijJj0ynZELzlk1ehXa95lm/rlcZVHkcRTuAUzsGDC2jADTS hBQyG8Ayv8OYI58V5dz4WrQUnnzmGP3I+fwCan41N</latexit>
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  = 3.5
<latexit sha1_base64="ztaDS58OFJt9uvC6+OD9oKR6t6g=">AAAB 9HicbZDPSwJBFMff2i+zX1bHLkMadJJdI+oSCF06GqQJusjbcVYHZ3a3mVlBxL+jS4ciuvbHdOu/adQ9lPaFgQ/f9x7vzTdIBNfGdb+d3Nr6xuZW fruws7u3f1A8PGrqOFWUNWgsYtUKUDPBI9Yw3AjWShRDGQj2GAxvZ/XHEVOax9GDGSfMl9iPeMgpGmv55U4fpURyc1G5LHeLJbfizkVWwcugBJn q3eJXpxfTVLLIUIFatz03Mf4EleFUsGmhk2qWIB1in7UtRiiZ9ifzo6fkzDo9EsbKvsiQuft7YoJS67EMbKdEM9DLtZn5X62dmvDan/AoSQ2L6GJ RmApiYjJLgPS4YtSIsQWkittbCR2gQmpsTgUbgrf85VVoViue5ftqqVbN4sjDCZzCOXhwBTW4gzo0gMITPMMrvDkj58V5dz4WrTknmzmGP3I+fw B0apCE</latexit><latexit sha1_base64="ztaDS58OFJt9uvC6+OD9oKR6t6g=">AAAB 9HicbZDPSwJBFMff2i+zX1bHLkMadJJdI+oSCF06GqQJusjbcVYHZ3a3mVlBxL+jS4ciuvbHdOu/adQ9lPaFgQ/f9x7vzTdIBNfGdb+d3Nr6xuZW fruws7u3f1A8PGrqOFWUNWgsYtUKUDPBI9Yw3AjWShRDGQj2GAxvZ/XHEVOax9GDGSfMl9iPeMgpGmv55U4fpURyc1G5LHeLJbfizkVWwcugBJn q3eJXpxfTVLLIUIFatz03Mf4EleFUsGmhk2qWIB1in7UtRiiZ9ifzo6fkzDo9EsbKvsiQuft7YoJS67EMbKdEM9DLtZn5X62dmvDan/AoSQ2L6GJ RmApiYjJLgPS4YtSIsQWkittbCR2gQmpsTgUbgrf85VVoViue5ftqqVbN4sjDCZzCOXhwBTW4gzo0gMITPMMrvDkj58V5dz4WrTknmzmGP3I+fw B0apCE</latexit><latexit sha1_base64="ztaDS58OFJt9uvC6+OD9oKR6t6g=">AAAB 9HicbZDPSwJBFMff2i+zX1bHLkMadJJdI+oSCF06GqQJusjbcVYHZ3a3mVlBxL+jS4ciuvbHdOu/adQ9lPaFgQ/f9x7vzTdIBNfGdb+d3Nr6xuZW fruws7u3f1A8PGrqOFWUNWgsYtUKUDPBI9Yw3AjWShRDGQj2GAxvZ/XHEVOax9GDGSfMl9iPeMgpGmv55U4fpURyc1G5LHeLJbfizkVWwcugBJn q3eJXpxfTVLLIUIFatz03Mf4EleFUsGmhk2qWIB1in7UtRiiZ9ifzo6fkzDo9EsbKvsiQuft7YoJS67EMbKdEM9DLtZn5X62dmvDan/AoSQ2L6GJ RmApiYjJLgPS4YtSIsQWkittbCR2gQmpsTgUbgrf85VVoViue5ftqqVbN4sjDCZzCOXhwBTW4gzo0gMITPMMrvDkj58V5dz4WrTknmzmGP3I+fw B0apCE</latexit><latexit sha1_base64="ztaDS58OFJt9uvC6+OD9oKR6t6g=">AAAB 9HicbZDPSwJBFMff2i+zX1bHLkMadJJdI+oSCF06GqQJusjbcVYHZ3a3mVlBxL+jS4ciuvbHdOu/adQ9lPaFgQ/f9x7vzTdIBNfGdb+d3Nr6xuZW fruws7u3f1A8PGrqOFWUNWgsYtUKUDPBI9Yw3AjWShRDGQj2GAxvZ/XHEVOax9GDGSfMl9iPeMgpGmv55U4fpURyc1G5LHeLJbfizkVWwcugBJn q3eJXpxfTVLLIUIFatz03Mf4EleFUsGmhk2qWIB1in7UtRiiZ9ifzo6fkzDo9EsbKvsiQuft7YoJS67EMbKdEM9DLtZn5X62dmvDan/AoSQ2L6GJ RmApiYjJLgPS4YtSIsQWkittbCR2gQmpsTgUbgrf85VVoViue5ftqqVbN4sjDCZzCOXhwBTW4gzo0gMITPMMrvDkj58V5dz4WrTknmzmGP3I+fw B0apCE</latexit>
  = 5.0
<latexit sha1_base64="39n5b4Dyz2jhUjS9eQo6TQtXEnQ=">AAAB 9HicbZBNSwMxEIZn61etX1WPXoKt4KnsFkQvQsGLxwr2A9qlzKZpG5rsrkm2UJb+Di8eFPHqj/HmvzFt96CtLwQe3plhJm8QC66N6347uY3Nre2d /G5hb//g8Kh4fNLUUaIoa9BIRKodoGaCh6xhuBGsHSuGMhCsFYzv5vXWhCnNo/DRTGPmSxyGfMApGmv55e4QpURye1Vxy71iya24C5F18DIoQaZ 6r/jV7Uc0kSw0VKDWHc+NjZ+iMpwKNit0E81ipGMcso7FECXTfro4ekYurNMng0jZFxqycH9PpCi1nsrAdko0I71am5v/1TqJGdz4KQ/jxLCQLhc NEkFMROYJkD5XjBoxtYBUcXsroSNUSI3NqWBD8Fa/vA7NasWz/FAt1apZHHk4g3O4BA+uoQb3UIcGUHiCZ3iFN2fivDjvzseyNedkM6fwR87nD2 /fkIE=</latexit><latexit sha1_base64="39n5b4Dyz2jhUjS9eQo6TQtXEnQ=">AAAB 9HicbZBNSwMxEIZn61etX1WPXoKt4KnsFkQvQsGLxwr2A9qlzKZpG5rsrkm2UJb+Di8eFPHqj/HmvzFt96CtLwQe3plhJm8QC66N6347uY3Nre2d /G5hb//g8Kh4fNLUUaIoa9BIRKodoGaCh6xhuBGsHSuGMhCsFYzv5vXWhCnNo/DRTGPmSxyGfMApGmv55e4QpURye1Vxy71iya24C5F18DIoQaZ 6r/jV7Uc0kSw0VKDWHc+NjZ+iMpwKNit0E81ipGMcso7FECXTfro4ekYurNMng0jZFxqycH9PpCi1nsrAdko0I71am5v/1TqJGdz4KQ/jxLCQLhc NEkFMROYJkD5XjBoxtYBUcXsroSNUSI3NqWBD8Fa/vA7NasWz/FAt1apZHHk4g3O4BA+uoQb3UIcGUHiCZ3iFN2fivDjvzseyNedkM6fwR87nD2 /fkIE=</latexit><latexit sha1_base64="39n5b4Dyz2jhUjS9eQo6TQtXEnQ=">AAAB 9HicbZBNSwMxEIZn61etX1WPXoKt4KnsFkQvQsGLxwr2A9qlzKZpG5rsrkm2UJb+Di8eFPHqj/HmvzFt96CtLwQe3plhJm8QC66N6347uY3Nre2d /G5hb//g8Kh4fNLUUaIoa9BIRKodoGaCh6xhuBGsHSuGMhCsFYzv5vXWhCnNo/DRTGPmSxyGfMApGmv55e4QpURye1Vxy71iya24C5F18DIoQaZ 6r/jV7Uc0kSw0VKDWHc+NjZ+iMpwKNit0E81ipGMcso7FECXTfro4ekYurNMng0jZFxqycH9PpCi1nsrAdko0I71am5v/1TqJGdz4KQ/jxLCQLhc NEkFMROYJkD5XjBoxtYBUcXsroSNUSI3NqWBD8Fa/vA7NasWz/FAt1apZHHk4g3O4BA+uoQb3UIcGUHiCZ3iFN2fivDjvzseyNedkM6fwR87nD2 /fkIE=</latexit><latexit sha1_base64="39n5b4Dyz2jhUjS9eQo6TQtXEnQ=">AAAB 9HicbZBNSwMxEIZn61etX1WPXoKt4KnsFkQvQsGLxwr2A9qlzKZpG5rsrkm2UJb+Di8eFPHqj/HmvzFt96CtLwQe3plhJm8QC66N6347uY3Nre2d /G5hb//g8Kh4fNLUUaIoa9BIRKodoGaCh6xhuBGsHSuGMhCsFYzv5vXWhCnNo/DRTGPmSxyGfMApGmv55e4QpURye1Vxy71iya24C5F18DIoQaZ 6r/jV7Uc0kSw0VKDWHc+NjZ+iMpwKNit0E81ipGMcso7FECXTfro4ekYurNMng0jZFxqycH9PpCi1nsrAdko0I71am5v/1TqJGdz4KQ/jxLCQLhc NEkFMROYJkD5XjBoxtYBUcXsroSNUSI3NqWBD8Fa/vA7NasWz/FAt1apZHHk4g3O4BA+uoQb3UIcGUHiCZ3iFN2fivDjvzseyNedkM6fwR87nD2 /fkIE=</latexit>
P
(x
)
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FIG. 8. Numerical verification of the theoretical prediction
for the stationary distribution P (x) = δ(x) for V (x) = α |x|p,
with p = 1/2, α = 2, γ = 1 and v0 = 1, for different choices
of the initial position x0.
be made for x0 < 0. Thus, in all cases, we would expect
that, for p < 1, no matter what the starting position
is, the stationary solution is just P (x) = δ(x). We have
verified this numerically for different values of p < 1 and
different values of x0. In Fig. 8 we show the stationary
P (x) for p = 1/2 and for different values of x0 (setting
α = 2, v0 = 1, in which case x+ = 1 since p = 1/2).
Thus all the cases p > 1, p < 1 and p = 1 can be
summarised succinctly in the phase diagram in the (p, α)
plane as shown in Fig. 2.
III. RELAXATION TO THE STEADY STATE
After having discussed the stationary state in the pre-
vious section, it is natural to ask next how the time de-
pendent probability distribution relaxes to this station-
ary state at long times. In principle, this relaxation dy-
namics can be studied for arbitrary confining potentials
v(x). However, for simplicity we focus here on the simple
harmonic case with v(x) = µx2/2, i.e., f(x) = −µx for
which Eqs. (5) and (6) can be solved explicitly. These
equations are valid on the whole real line and satisfy the
following boundary and initial conditions
P±(|x| → ∞, t) = 0, and P±(x, t = 0) = 1
2
δ(x) .
(36)
Note that this choice of initial condition ensures that the
particle, initially at the origin at t = 0, always remains
confined in the finite box [−v0/µ, v0/µ]. This can be eas-
ily seen by solving (3) for the extreme cases, σ(t) = 1 or
−1 for 0 ≤ t ≤ ∞, which yields the deterministic solu-
tion x(t) = ±(v0/µ)[1 − exp(−µt)]. So the distributions
P±(x, t) have a finite support x ∈ [−v0/µ, v0/µ] for all
time t.
To solve the time-dependent equations Eqs. (5) and
(6), with f(x) = −µx, it is convenient to first take their
8Laplace transforms with respect to time. We thus define
P˜±(x, s) =
∫ ∞
0
e−st P±(x, t) dt . (37)
Taking Laplace transforms of Eqs. (5) and (6), integrat-
ing by parts the left hand side using the initial conditions
in Eq. (36), we get
(µx− v0)∂P˜+
∂x
+ (µ− γ − s)P˜+ + γP˜− = −1
2
δ(x) ,
(µx+ v0)
∂P˜−
∂x
+ (µ− γ − s)P˜− + γP˜+ = −1
2
δ(x) ,
(38)
for x ∈ [−v0/µ, v0/µ]. It is convenient to first make a
change of variable
x =
v0
µ
(1− 2z) , (39)
that transforms the domain x ∈ [−v0/µ, v0/µ] to z ∈
[0, 1]. We get,[
z
∂
∂z
+ (1− γ¯ − s¯)
]
P˜+ = −γ¯P˜− − 1
4
δ
(
z − 1
2
)
,[
(z − 1) ∂
∂z
+ (1− γ¯ − s¯)
]
P˜− = −γ¯P˜+ − 1
4
δ
(
z − 1
2
)
,
(40)
where P˜±(z, s) ≡ P˜±(v0(1− 2z)/µ, s) and
γ¯ = γ/µ, and s¯ = s/µ . (41)
Let us remark that the original normalisation condition∫ v0/µ
−v0/µ
[P+(x, t) + P−(x, t)] dx = 1 (42)
translates, in terms of the z coordinate defined in Eq. (39)∫ 1
0
[P+(z, t) + P−(z, t)] dz =
µ
2v0
. (43)
Taking the Laplace transform with respect to t yields∫ 1
0
[P˜+(z, s) + P˜−(z, s)] dz =
µ
2v0s
=
1
2v0s¯
, (44)
with s¯ = s/µ. We further choose, for convenience and
without any loss of generality,
v0 = 1 .
We now solve these equations separately for z < 1/2
and z > 1/2. Due to presence of the delta-function on
the right hand side of Eq. (40), the solutions in these two
disjoint regions are related via the matching condition at
z = 1/2.
P˜+(z = 1/2 + , s¯)− P˜+(z = 1/2− , s¯) = 1/4 ,
P˜−(z = 1/2 + , s¯)− P˜−(z = 1/2− , s¯) = −1/4 ,
(45)
where → 0+. From Eqs. (40) it is clear that the solution
has the following symmetry property
P˜±(z, s¯) = P˜∓(1− z, s¯) , (46)
and hence it is sufficient to solve Eqs. (40) in one region
only, say 0 ≤ z ≤ 1/2. Using this symmetry (46), we can
further replace P˜+(z = 1/2 + , s¯) by P˜−(z = 1/2− , s¯)
in the first line of Eq. (45), which then reads
P˜−(z = 1/2− , s¯)− P˜+(z = 1/2− , s¯) = 1/4. (47)
We now focus on the z < 1/2 case with the bound-
ary condition as in Eq. (47). From the two first order
differential equations in (40) one can eliminate P˜− (re-
spectively P˜+) to get a second order differential equation
for P˜+ (respectively P˜−)
z(1− z)∂
2P˜±
∂z2
+ [c± − (1 + a+ b)z]∂P˜±
∂z
− a bP˜± = 0,
(48)
where,
a = 1− s¯, b = 1− 2γ¯ − s¯, (49)
c+ = 2− γ¯ − s¯, and c− = 1− γ¯ − s¯ . (50)
Equation (48) is a hypergeometric differential equation
which has two linearly independent solutions. The gen-
eral solutions for P˜±(z, s¯) are thus readily written as
P˜+(z, s¯) =AF (1− s¯, 1− 2γ¯ − s¯, 2− γ¯ − s¯, z)
+ B zγ¯+s¯−1 F (γ¯,−γ¯, γ¯ + s¯, z), (51)
P˜−(z, s¯) =C F (1− s¯, 1− 2γ¯ − s¯, 1− γ¯ − s¯, z)
+ D zγ¯+s¯ F (1 + γ¯, 1− γ¯, 1 + γ¯ + s¯, z),
(52)
where F (a, b, c, z) ≡ 2F1(a, b; c; z) is a standard hyper-
geometric function and A,B,C and D are constants yet
to be fixed. We first note that the constants C and D
are related to A and B. This is because P+ and P−
satisfy coupled first-order differential equations. Indeed,
by plugging these general solutions in the two first-order
differential equations (40), for z < 1/2. It is then easy to
see that
C = −1− γ¯ − s¯
γ¯
A and D =
γ
γ¯ + s¯
B . (53)
Consequently the solutions then read
P˜+(z, s¯) = A F (1− s¯, 1− 2γ¯ − s¯, 2− γ¯ − s¯, z)
+ B zγ¯+s¯−1 F (γ¯,−γ¯, γ¯ + s¯, z), (54)
P˜−(z, s¯) = A
γ¯ + s¯− 1
γ¯
F (1− s¯, 1− 2γ¯ − s¯, 1− γ¯ − s¯, z)
+ B
γ
γ¯ + s¯
zγ¯+s¯ F (1 + γ¯, 1− γ¯, 1 + γ¯ + s¯, z). (55)
where there are only two constants A and B to be de-
termined. One can check that, the above solutions also
satisfy the second equation in (40).
9The two constants A and B can be determined from
(i) the jump condition (47) and (ii) the normalisation
condition in Eq. (44) with v0 = 1. Using the symmetry
condition across z = 1/2, this normalisation condition in
Eq. (44) reduces to∫ 1
2
0
[P˜+(z, s¯) + P˜−(z, s¯)]dz =
1
4s¯
. (56)
Fixing the two constants A and B by the two above
conditions (i) and (ii), after straightforward algebra, we
find that P˜ (z, s¯) = P˜+(z, s¯)+ P˜−(z, s¯), for z < 1/2, reads
P˜ (z, s¯) =
B1(γ¯, s¯) z
γ¯+s¯−1H1(γ¯, s¯, z) +B2(γ¯, s¯)H2(γ¯, s¯, z)
F
(
1− γ¯, γ¯, s¯+ γ¯, 12
)− 2F (−γ¯, γ¯, s¯+ γ¯, 12) , with, (57)
H1(γ¯, s¯, z) = F (1− γ¯, γ¯, s¯+ γ¯, z)
H2(γ¯, s¯, z) = [ (1− γ¯ − s¯)F (1− s¯, 1− s¯− 2γ¯, 1− s¯− γ¯, z)− γ¯ F (1− s¯, 1− s¯− 2γ¯, 2− s¯− γ¯, z)] (58)
where B1(γ¯, s¯) and B2(γ¯, s¯) have rather long cumber-
some expressions which are given in Appendix A. One
can check that in the s→ 0 limit
P˜ (z, s)→ 1
s
µ
2
P (z), where P (z) =
[z(1− z)]γ¯−1
B(γ¯, γ¯)
,
(59)
with B(α, β) being the beta function. Expressing z in
terms of x using Eq. (39), and inverting the Laplace
transform trivially, we then recover the steady state dis-
tribution given in Eq. (21).
To see how the time-dependent solution P (z, t) ap-
proaches the steady-state P (z), we first note that, since
the particle moves in a confining harmonic potential, one
would expect an exponential relaxation in time
P (z, t)− P (z) ∝ e−λ0t, for t→∞. (60)
where λ−10 is the largest relaxation time. To compute
λ−10 , we note that this exponential decay in (60) would
imply that the pole closest to the origin on the negative
s side in the Laplace transform P˜ (z, s) would occur at
s = −λ0. Analysing this function P˜ (z, s), we find this
pole at λ0 = min[µ+2γ, 2µ] (see Appendix A for details).
Note that this result is true for the case when the particle
initially starts at x0 = 0. However, for generic x0 6= 0, we
always have λ0 = µ. The relaxation mode corresponding
to the eigenvalue λ0 = µ vanishes, by symmetry, for x0 =
0. To summarise (see Fig. 10),
λ0 =
{
µ if, x0 6= 0
min[µ+ 2γ, 2µ] if, x0 = 0 .
(61)
Thus for x0 = 0, there is a transition in the relaxation
behaviour as one increases the jump rate γ for fixed µ. At
small γ the relaxation is given by µ+2γ. When γ becomes
larger than µ/2, the relaxation is given by 2µ. Note that
for a passive Brownian particle (i.e., γ →∞ and v0 →∞
limit keeping v20/γ = 2D fixed) in a harmonic potential
(Ornstein-Uhlenbeck case), the relaxation behaviour is
∼ e−µ t for a generic x0 6= 0, and ∼ e−2µ t for x0 = 0,
consistent with the γ →∞ limit of Eq. (61).
In fact, this change of relaxation time in Eq. (61) as γ
increases through µ/2 can already be seen more explicitly
by computing the mean and the variance of the position
x(t) for a generic x0 6= 0. The first two moments of x(t)
can be computed directly from the Langevin equation
dx/dt = −µx+v0σ(t) where 〈σ(t)〉 = 0 and 〈σ(t)σ(t′)〉 =
exp(−2γ|t− t′|). Integrating this Langevin equation, one
gets
x(t) = x0 e
−µ t + v0 e−µt
∫ t
0
dt1σ(t1) e
µt1 . (62)
Computing the first two moments gives
〈x(t)〉 = x0 e−µt, (63)
〈x(t)2〉 − 〈x(t)〉2 = v20
[
1
2γµ+ µ2
+
2e−t(µ+2γ)
4γ2 − µ2
+
e−2µt
µ(µ− 2γ)
]
, (64)
where µ 6= 2γ in the second equation. For µ = 2γ, we
get
〈x(t)2〉 − 〈x(t)〉2 = v
2
0
8γ2
[
1− e−4γt − 4γ t e−4γt] .(65)
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  = 0.5
<latexit sha1_base64= "oS+fZe3xIL3k2t5ao6vr+hGZh4A=">AAAB83icdZB LSwMxFIXv1Fetr6pLN4Ot4KrMFEQ3QsGNywq2FTpD uZNm2tAkMyQZoQz9G25cKOLWP+POf2P6EOrrQODjnH vJ5UQpZ9p43odTWFldW98obpa2tnd298r7B22dZIr QFkl4ou4i1JQzSVuGGU7vUkVRRJx2otHVNO/cU6VZ Im/NOKWhwIFkMSNorBVUgwEKgZde7azaK1f8mjeT6/ 2Cr6gCCzV75fegn5BMUGkIR627vpeaMEdlGOF0Ugo yTVMkIxzQrkWJguown908cU+s03fjRNknjTtzlzdyF FqPRWQnBZqh/plNzb+ybmbiizBnMs0MlWT+UZxx1y TutAC3zxQlho8tIFHM3uqSISokxtZUWi7hf2jXa77l m3qlUV/UUYQjOIZT8OEcGnANTWgBgRQe4Amencx5d F6c1/lowVnsHMI3OW+fGLiQWA==</latexit><latexit sha1_base64= "oS+fZe3xIL3k2t5ao6vr+hGZh4A=">AAAB83icdZB LSwMxFIXv1Fetr6pLN4Ot4KrMFEQ3QsGNywq2FTpD uZNm2tAkMyQZoQz9G25cKOLWP+POf2P6EOrrQODjnH vJ5UQpZ9p43odTWFldW98obpa2tnd298r7B22dZIr QFkl4ou4i1JQzSVuGGU7vUkVRRJx2otHVNO/cU6VZ Im/NOKWhwIFkMSNorBVUgwEKgZde7azaK1f8mjeT6/ 2Cr6gCCzV75fegn5BMUGkIR627vpeaMEdlGOF0Ugo yTVMkIxzQrkWJguown908cU+s03fjRNknjTtzlzdyF FqPRWQnBZqh/plNzb+ybmbiizBnMs0MlWT+UZxx1y TutAC3zxQlho8tIFHM3uqSISokxtZUWi7hf2jXa77l m3qlUV/UUYQjOIZT8OEcGnANTWgBgRQe4Amencx5d F6c1/lowVnsHMI3OW+fGLiQWA==</latexit><latexit sha1_base64= "oS+fZe3xIL3k2t5ao6vr+hGZh4A=">AAAB83icdZB LSwMxFIXv1Fetr6pLN4Ot4KrMFEQ3QsGNywq2FTpD uZNm2tAkMyQZoQz9G25cKOLWP+POf2P6EOrrQODjnH vJ5UQpZ9p43odTWFldW98obpa2tnd298r7B22dZIr QFkl4ou4i1JQzSVuGGU7vUkVRRJx2otHVNO/cU6VZ Im/NOKWhwIFkMSNorBVUgwEKgZde7azaK1f8mjeT6/ 2Cr6gCCzV75fegn5BMUGkIR627vpeaMEdlGOF0Ugo yTVMkIxzQrkWJguown908cU+s03fjRNknjTtzlzdyF FqPRWQnBZqh/plNzb+ybmbiizBnMs0MlWT+UZxx1y TutAC3zxQlho8tIFHM3uqSISokxtZUWi7hf2jXa77l m3qlUV/UUYQjOIZT8OEcGnANTWgBgRQe4Amencx5d F6c1/lowVnsHMI3OW+fGLiQWA==</latexit><latexit sha1_base64= "oS+fZe3xIL3k2t5ao6vr+hGZh4A=">AAAB83icdZB LSwMxFIXv1Fetr6pLN4Ot4KrMFEQ3QsGNywq2FTpD uZNm2tAkMyQZoQz9G25cKOLWP+POf2P6EOrrQODjnH vJ5UQpZ9p43odTWFldW98obpa2tnd298r7B22dZIr QFkl4ou4i1JQzSVuGGU7vUkVRRJx2otHVNO/cU6VZ Im/NOKWhwIFkMSNorBVUgwEKgZde7azaK1f8mjeT6/ 2Cr6gCCzV75fegn5BMUGkIR627vpeaMEdlGOF0Ugo yTVMkIxzQrkWJguown908cU+s03fjRNknjTtzlzdyF FqPRWQnBZqh/plNzb+ybmbiizBnMs0MlWT+UZxx1y TutAC3zxQlho8tIFHM3uqSISokxtZUWi7hf2jXa77l m3qlUV/UUYQjOIZT8OEcGnANTWgBgRQe4Amencx5d F6c1/lowVnsHMI3OW+fGLiQWA==</latexit>
  = 1.5
<latexit sha1_base64= "jRiWTDJ4suIa91Kdg0mD0hsgbcI=">AAAB83icbZD LSsNAFIZP6q3WW9Wlm8FWcFWSguhGKLhxWcFeoAnl ZDpph84kYWYilNDXcONCEbe+jDvfxulloa0/DHz85x zOmT9MBdfGdb+dwsbm1vZOcbe0t39weFQ+PmnrJFO UtWgiEtUNUTPBY9Yy3AjWTRVDGQrWCcd3s3rniSnN k/jRTFIWSBzGPOIUjbX8qj9EKfHWq11V++WKW3PnIu vgLaECSzX75S9/kNBMsthQgVr3PDc1QY7KcCrYtOR nmqVIxzhkPYsxSqaDfH7zlFxYZ0CiRNkXGzJ3f0/kK LWeyNB2SjQjvVqbmf/VepmJboKcx2lmWEwXi6JMEJ OQWQBkwBWjRkwsIFXc3kroCBVSY2Mq2RC81S+vQ7te 8yw/1CuN+jKOIpzBOVyCB9fQgHtoQgsopPAMr/DmZ M6L8+58LFoLznLmFP7I+fwBGL+QWA==</latexit><latexit sha1_base64= "jRiWTDJ4suIa91Kdg0mD0hsgbcI=">AAAB83icbZD LSsNAFIZP6q3WW9Wlm8FWcFWSguhGKLhxWcFeoAnl ZDpph84kYWYilNDXcONCEbe+jDvfxulloa0/DHz85x zOmT9MBdfGdb+dwsbm1vZOcbe0t39weFQ+PmnrJFO UtWgiEtUNUTPBY9Yy3AjWTRVDGQrWCcd3s3rniSnN k/jRTFIWSBzGPOIUjbX8qj9EKfHWq11V++WKW3PnIu vgLaECSzX75S9/kNBMsthQgVr3PDc1QY7KcCrYtOR nmqVIxzhkPYsxSqaDfH7zlFxYZ0CiRNkXGzJ3f0/kK LWeyNB2SjQjvVqbmf/VepmJboKcx2lmWEwXi6JMEJ OQWQBkwBWjRkwsIFXc3kroCBVSY2Mq2RC81S+vQ7te 8yw/1CuN+jKOIpzBOVyCB9fQgHtoQgsopPAMr/DmZ M6L8+58LFoLznLmFP7I+fwBGL+QWA==</latexit><latexit sha1_base64= "jRiWTDJ4suIa91Kdg0mD0hsgbcI=">AAAB83icbZD LSsNAFIZP6q3WW9Wlm8FWcFWSguhGKLhxWcFeoAnl ZDpph84kYWYilNDXcONCEbe+jDvfxulloa0/DHz85x zOmT9MBdfGdb+dwsbm1vZOcbe0t39weFQ+PmnrJFO UtWgiEtUNUTPBY9Yy3AjWTRVDGQrWCcd3s3rniSnN k/jRTFIWSBzGPOIUjbX8qj9EKfHWq11V++WKW3PnIu vgLaECSzX75S9/kNBMsthQgVr3PDc1QY7KcCrYtOR nmqVIxzhkPYsxSqaDfH7zlFxYZ0CiRNkXGzJ3f0/kK LWeyNB2SjQjvVqbmf/VepmJboKcx2lmWEwXi6JMEJ OQWQBkwBWjRkwsIFXc3kroCBVSY2Mq2RC81S+vQ7te 8yw/1CuN+jKOIpzBOVyCB9fQgHtoQgsopPAMr/DmZ M6L8+58LFoLznLmFP7I+fwBGL+QWA==</latexit><latexit sha1_base64= "jRiWTDJ4suIa91Kdg0mD0hsgbcI=">AAAB83icbZD LSsNAFIZP6q3WW9Wlm8FWcFWSguhGKLhxWcFeoAnl ZDpph84kYWYilNDXcONCEbe+jDvfxulloa0/DHz85x zOmT9MBdfGdb+dwsbm1vZOcbe0t39weFQ+PmnrJFO UtWgiEtUNUTPBY9Yy3AjWTRVDGQrWCcd3s3rniSnN k/jRTFIWSBzGPOIUjbX8qj9EKfHWq11V++WKW3PnIu vgLaECSzX75S9/kNBMsthQgVr3PDc1QY7KcCrYtOR nmqVIxzhkPYsxSqaDfH7zlFxYZ0CiRNkXGzJ3f0/kK LWeyNB2SjQjvVqbmf/VepmJboKcx2lmWEwXi6JMEJ OQWQBkwBWjRkwsIFXc3kroCBVSY2Mq2RC81S+vQ7te 8yw/1CuN+jKOIpzBOVyCB9fQgHtoQgsopPAMr/DmZ M6L8+58LFoLznLmFP7I+fwBGL+QWA==</latexit>
d(
t)
<latexit sha1_base64="elhRhs8ZU3QNWoVdMpbK103JzTQ=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAV6qbMdKO4KrhxWcFeoB1KJpNpYzPJkJwRytB3cONCEbe+jzvfxrSdhbb+EPj4zznknD9IBDfgut9OYWNza3unuFva2z84PCofn3SMSjVlbaqE0r2AGCa4ZG3gIFgv0YzEgWDdYHI7r3efmDZcyQeYJsyPyUjyiFMC1upUwxpcVoflilt3F8Lr4OVQQblaw/LXIFQ0jZkEKogxfc9NwM+IBk4Fm5UGqWEJoRMyYn2LksTM+Nli2xm+sE6II6Xtk4AX7u+JjMTGTOPAdsYExma1Njf/q/VTiK79jMskBSbp8qMoFRgUnp+OQ64ZBTG1QKjmdldMx0QTCjagkg3BWz15HTqNumf5vlFp3uRxFNEZOkc15KEr1ER3qIXaiKJH9Ixe0ZujnBfn3flYthacfOYU/ZHz+QMZGY4d</latexit><latexit sha1_base64="elhRhs8ZU3QNWoVdMpbK103JzTQ=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAV6qbMdKO4KrhxWcFeoB1KJpNpYzPJkJwRytB3cONCEbe+jzvfxrSdhbb+EPj4zznknD9IBDfgut9OYWNza3unuFva2z84PCofn3SMSjVlbaqE0r2AGCa4ZG3gIFgv0YzEgWDdYHI7r3efmDZcyQeYJsyPyUjyiFMC1upUwxpcVoflilt3F8Lr4OVQQblaw/LXIFQ0jZkEKogxfc9NwM+IBk4Fm5UGqWEJoRMyYn2LksTM+Nli2xm+sE6II6Xtk4AX7u+JjMTGTOPAdsYExma1Njf/q/VTiK79jMskBSbp8qMoFRgUnp+OQ64ZBTG1QKjmdldMx0QTCjagkg3BWz15HTqNumf5vlFp3uRxFNEZOkc15KEr1ER3qIXaiKJH9Ixe0ZujnBfn3flYthacfOYU/ZHz+QMZGY4d</latexit><latexit sha1_base64="elhRhs8ZU3QNWoVdMpbK103JzTQ=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAV6qbMdKO4KrhxWcFeoB1KJpNpYzPJkJwRytB3cONCEbe+jzvfxrSdhbb+EPj4zznknD9IBDfgut9OYWNza3unuFva2z84PCofn3SMSjVlbaqE0r2AGCa4ZG3gIFgv0YzEgWDdYHI7r3efmDZcyQeYJsyPyUjyiFMC1upUwxpcVoflilt3F8Lr4OVQQblaw/LXIFQ0jZkEKogxfc9NwM+IBk4Fm5UGqWEJoRMyYn2LksTM+Nli2xm+sE6II6Xtk4AX7u+JjMTGTOPAdsYExma1Njf/q/VTiK79jMskBSbp8qMoFRgUnp+OQ64ZBTG1QKjmdldMx0QTCjagkg3BWz15HTqNumf5vlFp3uRxFNEZOkc15KEr1ER3qIXaiKJH9Ixe0ZujnBfn3flYthacfOYU/ZHz+QMZGY4d</latexit><latexit sha1_base64="elhRhs8ZU3QNWoVdMpbK103JzTQ=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAV6qbMdKO4KrhxWcFeoB1KJpNpYzPJkJwRytB3cONCEbe+jzvfxrSdhbb+EPj4zznknD9IBDfgut9OYWNza3unuFva2z84PCofn3SMSjVlbaqE0r2AGCa4ZG3gIFgv0YzEgWDdYHI7r3efmDZcyQeYJsyPyUjyiFMC1upUwxpcVoflilt3F8Lr4OVQQblaw/LXIFQ0jZkEKogxfc9NwM+IBk4Fm5UGqWEJoRMyYn2LksTM+Nli2xm+sE6II6Xtk4AX7u+JjMTGTOPAdsYExma1Njf/q/VTiK79jMskBSbp8qMoFRgUnp+OQ64ZBTG1QKjmdldMx0QTCjagkg3BWz15HTqNumf5vlFp3uRxFNEZOkc15KEr1ER3qIXaiKJH9Ixe0ZujnBfn3flYthacfOYU/ZHz+QMZGY4d</latexit>
t
<latexit sha1_base64=" sTawCNJzaeqawUAGFhEDu93xqw8=">AAAB6nicbZA9Sw NBEIbn4leMX1FLm8VEsAp3aRSrgI1lRPMByRH2NnvJkr 29Y3dOCEd+go2FIrb+Ijv/jZvkCk18YeHhnRl25g0SK Qy67rdT2Njc2t4p7pb29g8Oj8rHJ20Tp5rxFotlrLsBN VwKxVsoUPJuojmNAsk7weR2Xu88cW1ErB5xmnA/oiMl QsEoWuuhitVBueLW3IXIOng5VCBXc1D+6g9jlkZcIZPU mJ7nJuhnVKNgks9K/dTwhLIJHfGeRUUjbvxsseqMXFhn SMJY26eQLNzfExmNjJlGge2MKI7Nam1u/lfrpRhe+5l QSYpcseVHYSoJxmR+NxkKzRnKqQXKtLC7EjammjK06ZR sCN7qyevQrtc8y/f1SuMmj6MIZ3AOl+DBFTTgDprQAgY jeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP5TYjUo=</late xit><latexit sha1_base64=" sTawCNJzaeqawUAGFhEDu93xqw8=">AAAB6nicbZA9Sw NBEIbn4leMX1FLm8VEsAp3aRSrgI1lRPMByRH2NnvJkr 29Y3dOCEd+go2FIrb+Ijv/jZvkCk18YeHhnRl25g0SK Qy67rdT2Njc2t4p7pb29g8Oj8rHJ20Tp5rxFotlrLsBN VwKxVsoUPJuojmNAsk7weR2Xu88cW1ErB5xmnA/oiMl QsEoWuuhitVBueLW3IXIOng5VCBXc1D+6g9jlkZcIZPU mJ7nJuhnVKNgks9K/dTwhLIJHfGeRUUjbvxsseqMXFhn SMJY26eQLNzfExmNjJlGge2MKI7Nam1u/lfrpRhe+5l QSYpcseVHYSoJxmR+NxkKzRnKqQXKtLC7EjammjK06ZR sCN7qyevQrtc8y/f1SuMmj6MIZ3AOl+DBFTTgDprQAgY jeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP5TYjUo=</late xit><latexit sha1_base64=" sTawCNJzaeqawUAGFhEDu93xqw8=">AAAB6nicbZA9Sw NBEIbn4leMX1FLm8VEsAp3aRSrgI1lRPMByRH2NnvJkr 29Y3dOCEd+go2FIrb+Ijv/jZvkCk18YeHhnRl25g0SK Qy67rdT2Njc2t4p7pb29g8Oj8rHJ20Tp5rxFotlrLsBN VwKxVsoUPJuojmNAsk7weR2Xu88cW1ErB5xmnA/oiMl QsEoWuuhitVBueLW3IXIOng5VCBXc1D+6g9jlkZcIZPU mJ7nJuhnVKNgks9K/dTwhLIJHfGeRUUjbvxsseqMXFhn SMJY26eQLNzfExmNjJlGge2MKI7Nam1u/lfrpRhe+5l QSYpcseVHYSoJxmR+NxkKzRnKqQXKtLC7EjammjK06ZR sCN7qyevQrtc8y/f1SuMmj6MIZ3AOl+DBFTTgDprQAgY jeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP5TYjUo=</late xit><latexit sha1_base64=" sTawCNJzaeqawUAGFhEDu93xqw8=">AAAB6nicbZA9Sw NBEIbn4leMX1FLm8VEsAp3aRSrgI1lRPMByRH2NnvJkr 29Y3dOCEd+go2FIrb+Ijv/jZvkCk18YeHhnRl25g0SK Qy67rdT2Njc2t4p7pb29g8Oj8rHJ20Tp5rxFotlrLsBN VwKxVsoUPJuojmNAsk7weR2Xu88cW1ErB5xmnA/oiMl QsEoWuuhitVBueLW3IXIOng5VCBXc1D+6g9jlkZcIZPU mJ7nJuhnVKNgks9K/dTwhLIJHfGeRUUjbvxsseqMXFhn SMJY26eQLNzfExmNjJlGge2MKI7Nam1u/lfrpRhe+5l QSYpcseVHYSoJxmR+NxkKzRnKqQXKtLC7EjammjK06ZR sCN7qyevQrtc8y/f1SuMmj6MIZ3AOl+DBFTTgDprQAgY jeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP5TYjUo=</late xit>
e 3t
<latexit sha1_bas e64="sDeC9XzCuDQRjP1oVr6GGHREZR0 =">AAAB8HicdVDJSgNBEK1xjXGLevTSmA heDDPxoMeAF48RzCLJGHo6NUmT7pmhu0c IQ77CiwdFvPo53vwbO4sQtwcFj/eqqKo XJIJr47ofztLyyuraem4jv7m1vbNb2Ntv 6DhVDOssFrFqBVSj4BHWDTcCW4lCKgOB zWB4OfGb96g0j6MbM0rQl7Qf8ZAzaqx0W 8K77PTMjEvdQtEru1MQ9xf5soowR61be O/0YpZKjAwTVOu25ybGz6gynAkc5zupxo SyIe1j29KIStR+Nj14TI6t0iNhrGxFhkz VxYmMSq1HMrCdkpqB/ulNxL+8dmrCCz/ jUZIajNhsUZgKYmIy+Z70uEJmxMgSyhS3 txI2oIoyYzPKL4bwP2lUyp7l15Vi1Z3H kYNDOIIT8OAcqnAFNagDAwkP8ATPjnIen Rfndda65MxnDuAbnLdPrICPmA==</late xit><latexit sha1_bas e64="sDeC9XzCuDQRjP1oVr6GGHREZR0 =">AAAB8HicdVDJSgNBEK1xjXGLevTSmA heDDPxoMeAF48RzCLJGHo6NUmT7pmhu0c IQ77CiwdFvPo53vwbO4sQtwcFj/eqqKo XJIJr47ofztLyyuraem4jv7m1vbNb2Ntv 6DhVDOssFrFqBVSj4BHWDTcCW4lCKgOB zWB4OfGb96g0j6MbM0rQl7Qf8ZAzaqx0W 8K77PTMjEvdQtEru1MQ9xf5soowR61be O/0YpZKjAwTVOu25ybGz6gynAkc5zupxo SyIe1j29KIStR+Nj14TI6t0iNhrGxFhkz VxYmMSq1HMrCdkpqB/ulNxL+8dmrCCz/ jUZIajNhsUZgKYmIy+Z70uEJmxMgSyhS3 txI2oIoyYzPKL4bwP2lUyp7l15Vi1Z3H kYNDOIIT8OAcqnAFNagDAwkP8ATPjnIen Rfndda65MxnDuAbnLdPrICPmA==</late xit><latexit sha1_bas e64="sDeC9XzCuDQRjP1oVr6GGHREZR0 =">AAAB8HicdVDJSgNBEK1xjXGLevTSmA heDDPxoMeAF48RzCLJGHo6NUmT7pmhu0c IQ77CiwdFvPo53vwbO4sQtwcFj/eqqKo XJIJr47ofztLyyuraem4jv7m1vbNb2Ntv 6DhVDOssFrFqBVSj4BHWDTcCW4lCKgOB zWB4OfGb96g0j6MbM0rQl7Qf8ZAzaqx0W 8K77PTMjEvdQtEru1MQ9xf5soowR61be O/0YpZKjAwTVOu25ybGz6gynAkc5zupxo SyIe1j29KIStR+Nj14TI6t0iNhrGxFhkz VxYmMSq1HMrCdkpqB/ulNxL+8dmrCCz/ jUZIajNhsUZgKYmIy+Z70uEJmxMgSyhS3 txI2oIoyYzPKL4bwP2lUyp7l15Vi1Z3H kYNDOIIT8OAcqnAFNagDAwkP8ATPjnIen Rfndda65MxnDuAbnLdPrICPmA==</late xit><latexit sha1_bas e64="sDeC9XzCuDQRjP1oVr6GGHREZR0 =">AAAB8HicdVDJSgNBEK1xjXGLevTSmA heDDPxoMeAF48RzCLJGHo6NUmT7pmhu0c IQ77CiwdFvPo53vwbO4sQtwcFj/eqqKo XJIJr47ofztLyyuraem4jv7m1vbNb2Ntv 6DhVDOssFrFqBVSj4BHWDTcCW4lCKgOB zWB4OfGb96g0j6MbM0rQl7Qf8ZAzaqx0W 8K77PTMjEvdQtEru1MQ9xf5soowR61be O/0YpZKjAwTVOu25ybGz6gynAkc5zupxo SyIe1j29KIStR+Nj14TI6t0iNhrGxFhkz VxYmMSq1HMrCdkpqB/ulNxL+8dmrCCz/ jUZIajNhsUZgKYmIy+Z70uEJmxMgSyhS3 txI2oIoyYzPKL4bwP2lUyp7l15Vi1Z3H kYNDOIIT8OAcqnAFNagDAwkP8ATPjnIen Rfndda65MxnDuAbnLdPrICPmA==</late xit>
e 4t
<latexit sha1_base6 4="1VUtt6xcNqmp05pwCFuysxALA2A=">AAAB 8HicbZBNSwMxEIZn61etX1WPXhZbwYtltwh6L HjxWMF+SLuWbDptQ5PskmSFsvRXePGgiFd/jj f/jWm7B219IfDwzgyZecOYM20879vJra1vbG7 ltws7u3v7B8XDo6aOEkWxQSMeqXZINHImsWGY 4diOFRIRcmyF45tZvfWESrNI3ptJjIEgQ8kGj BJjrYcyPqYXl2Za7hVLXsWby10FP4MSZKr3il /dfkQTgdJQTrTu+F5sgpQowyjHaaGbaIwJHZM hdixKIlAH6XzhqXtmnb47iJR90rhz9/dESoTW ExHaTkHMSC/XZuZ/tU5iBtdBymScGJR08dEg4 a6J3Nn1bp8ppIZPLBCqmN3VpSOiCDU2o4INwV 8+eRWa1Ypv+a5aqnlZHHk4gVM4Bx+uoAa3UIc GUBDwDK/w5ijnxXl3PhatOSebOYY/cj5/AKyH j5g=</latexit><latexit sha1_base6 4="1VUtt6xcNqmp05pwCFuysxALA2A=">AAAB 8HicbZBNSwMxEIZn61etX1WPXhZbwYtltwh6L HjxWMF+SLuWbDptQ5PskmSFsvRXePGgiFd/jj f/jWm7B219IfDwzgyZecOYM20879vJra1vbG7 ltws7u3v7B8XDo6aOEkWxQSMeqXZINHImsWGY 4diOFRIRcmyF45tZvfWESrNI3ptJjIEgQ8kGj BJjrYcyPqYXl2Za7hVLXsWby10FP4MSZKr3il /dfkQTgdJQTrTu+F5sgpQowyjHaaGbaIwJHZM hdixKIlAH6XzhqXtmnb47iJR90rhz9/dESoTW ExHaTkHMSC/XZuZ/tU5iBtdBymScGJR08dEg4 a6J3Nn1bp8ppIZPLBCqmN3VpSOiCDU2o4INwV 8+eRWa1Ypv+a5aqnlZHHk4gVM4Bx+uoAa3UIc GUBDwDK/w5ijnxXl3PhatOSebOYY/cj5/AKyH j5g=</latexit><latexit sha1_base6 4="1VUtt6xcNqmp05pwCFuysxALA2A=">AAAB 8HicbZBNSwMxEIZn61etX1WPXhZbwYtltwh6L HjxWMF+SLuWbDptQ5PskmSFsvRXePGgiFd/jj f/jWm7B219IfDwzgyZecOYM20879vJra1vbG7 ltws7u3v7B8XDo6aOEkWxQSMeqXZINHImsWGY 4diOFRIRcmyF45tZvfWESrNI3ptJjIEgQ8kGj BJjrYcyPqYXl2Za7hVLXsWby10FP4MSZKr3il /dfkQTgdJQTrTu+F5sgpQowyjHaaGbaIwJHZM hdixKIlAH6XzhqXtmnb47iJR90rhz9/dESoTW ExHaTkHMSC/XZuZ/tU5iBtdBymScGJR08dEg4 a6J3Nn1bp8ppIZPLBCqmN3VpSOiCDU2o4INwV 8+eRWa1Ypv+a5aqnlZHHk4gVM4Bx+uoAa3UIc GUBDwDK/w5ijnxXl3PhatOSebOYY/cj5/AKyH j5g=</latexit><latexit sha1_base6 4="1VUtt6xcNqmp05pwCFuysxALA2A=">AAAB 8HicbZBNSwMxEIZn61etX1WPXhZbwYtltwh6L HjxWMF+SLuWbDptQ5PskmSFsvRXePGgiFd/jj f/jWm7B219IfDwzgyZecOYM20879vJra1vbG7 ltws7u3v7B8XDo6aOEkWxQSMeqXZINHImsWGY 4diOFRIRcmyF45tZvfWESrNI3ptJjIEgQ8kGj BJjrYcyPqYXl2Za7hVLXsWby10FP4MSZKr3il /dfkQTgdJQTrTu+F5sgpQowyjHaaGbaIwJHZM hdixKIlAH6XzhqXtmnb47iJR90rhz9/dESoTW ExHaTkHMSC/XZuZ/tU5iBtdBymScGJR08dEg4 a6J3Nn1bp8ppIZPLBCqmN3VpSOiCDU2o4INwV 8+eRWa1Ypv+a5aqnlZHHk4gVM4Bx+uoAa3UIc GUBDwDK/w5ijnxXl3PhatOSebOYY/cj5/AKyH j5g=</latexit>
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  = 0.5
<latexit sha1_base64="oS+fZe3xIL3k2t5ao6 vr+hGZh4A=">AAAB83icdZBLSwMxFIXv1Fetr6pLN4Ot4KrMFEQ3QsGNywq2FTpDuZNm2tAkMyQZoQz 9G25cKOLWP+POf2P6EOrrQODjnHvJ5UQpZ9p43odTWFldW98obpa2tnd298r7B22dZIrQFkl4ou4i1J QzSVuGGU7vUkVRRJx2otHVNO/cU6VZIm/NOKWhwIFkMSNorBVUgwEKgZde7azaK1f8mjeT6/2Cr6gCCz V75fegn5BMUGkIR627vpeaMEdlGOF0UgoyTVMkIxzQrkWJguown908cU+s03fjRNknjTtzlzdyFFqPR WQnBZqh/plNzb+ybmbiizBnMs0MlWT+UZxx1yTutAC3zxQlho8tIFHM3uqSISokxtZUWi7hf2jXa77l m3qlUV/UUYQjOIZT8OEcGnANTWgBgRQe4Amencx5dF6c1/lowVnsHMI3OW+fGLiQWA==</latexit><latexit sha1_base64="oS+fZe3xIL3k2t5ao6 vr+hGZh4A=">AAAB83icdZBLSwMxFIXv1Fetr6pLN4Ot4KrMFEQ3QsGNywq2FTpDuZNm2tAkMyQZoQz 9G25cKOLWP+POf2P6EOrrQODjnHvJ5UQpZ9p43odTWFldW98obpa2tnd298r7B22dZIrQFkl4ou4i1J QzSVuGGU7vUkVRRJx2otHVNO/cU6VZIm/NOKWhwIFkMSNorBVUgwEKgZde7azaK1f8mjeT6/2Cr6gCCz V75fegn5BMUGkIR627vpeaMEdlGOF0UgoyTVMkIxzQrkWJguown908cU+s03fjRNknjTtzlzdyFFqPR WQnBZqh/plNzb+ybmbiizBnMs0MlWT+UZxx1yTutAC3zxQlho8tIFHM3uqSISokxtZUWi7hf2jXa77l m3qlUV/UUYQjOIZT8OEcGnANTWgBgRQe4Amencx5dF6c1/lowVnsHMI3OW+fGLiQWA==</latexit><latexit sha1_base64="oS+fZe3xIL3k2t5ao6 vr+hGZh4A=">AAAB83icdZBLSwMxFIXv1Fetr6pLN4Ot4KrMFEQ3QsGNywq2FTpDuZNm2tAkMyQZoQz 9G25cKOLWP+POf2P6EOrrQODjnHvJ5UQpZ9p43odTWFldW98obpa2tnd298r7B22dZIrQFkl4ou4i1J QzSVuGGU7vUkVRRJx2otHVNO/cU6VZIm/NOKWhwIFkMSNorBVUgwEKgZde7azaK1f8mjeT6/2Cr6gCCz V75fegn5BMUGkIR627vpeaMEdlGOF0UgoyTVMkIxzQrkWJguown908cU+s03fjRNknjTtzlzdyFFqPR WQnBZqh/plNzb+ybmbiizBnMs0MlWT+UZxx1yTutAC3zxQlho8tIFHM3uqSISokxtZUWi7hf2jXa77l m3qlUV/UUYQjOIZT8OEcGnANTWgBgRQe4Amencx5dF6c1/lowVnsHMI3OW+fGLiQWA==</latexit><latexit sha1_base64="oS+fZe3xIL3k2t5ao6 vr+hGZh4A=">AAAB83icdZBLSwMxFIXv1Fetr6pLN4Ot4KrMFEQ3QsGNywq2FTpDuZNm2tAkMyQZoQz 9G25cKOLWP+POf2P6EOrrQODjnHvJ5UQpZ9p43odTWFldW98obpa2tnd298r7B22dZIrQFkl4ou4i1J QzSVuGGU7vUkVRRJx2otHVNO/cU6VZIm/NOKWhwIFkMSNorBVUgwEKgZde7azaK1f8mjeT6/2Cr6gCCz V75fegn5BMUGkIR627vpeaMEdlGOF0UgoyTVMkIxzQrkWJguown908cU+s03fjRNknjTtzlzdyFFqPR WQnBZqh/plNzb+ybmbiizBnMs0MlWT+UZxx1yTutAC3zxQlho8tIFHM3uqSISokxtZUWi7hf2jXa77l m3qlUV/UUYQjOIZT8OEcGnANTWgBgRQe4Amencx5dF6c1/lowVnsHMI3OW+fGLiQWA==</latexit>
  = 1.5
<latexit sha1_base64="jRiWTDJ4suIa91Kdg0m D0hsgbcI=">AAAB83icbZDLSsNAFIZP6q3WW9Wlm8FWcFWSguhGKLhxWcFeoAnlZDpph84kYWYilNDXcO NCEbe+jDvfxulloa0/DHz85xzOmT9MBdfGdb+dwsbm1vZOcbe0t39weFQ+PmnrJFOUtWgiEtUNUTPBY9Yy 3AjWTRVDGQrWCcd3s3rniSnNk/jRTFIWSBzGPOIUjbX8qj9EKfHWq11V++WKW3PnIuvgLaECSzX75S9/k NBMsthQgVr3PDc1QY7KcCrYtORnmqVIxzhkPYsxSqaDfH7zlFxYZ0CiRNkXGzJ3f0/kKLWeyNB2SjQjvV qbmf/VepmJboKcx2lmWEwXi6JMEJOQWQBkwBWjRkwsIFXc3kroCBVSY2Mq2RC81S+vQ7te8yw/1CuN+jK OIpzBOVyCB9fQgHtoQgsopPAMr/DmZM6L8+58LFoLznLmFP7I+fwBGL+QWA==</latexit><latexit sha1_base64="jRiWTDJ4suIa91Kdg0m D0hsgbcI=">AAAB83icbZDLSsNAFIZP6q3WW9Wlm8FWcFWSguhGKLhxWcFeoAnlZDpph84kYWYilNDXcO NCEbe+jDvfxulloa0/DHz85xzOmT9MBdfGdb+dwsbm1vZOcbe0t39weFQ+PmnrJFOUtWgiEtUNUTPBY9Yy 3AjWTRVDGQrWCcd3s3rniSnNk/jRTFIWSBzGPOIUjbX8qj9EKfHWq11V++WKW3PnIuvgLaECSzX75S9/k NBMsthQgVr3PDc1QY7KcCrYtORnmqVIxzhkPYsxSqaDfH7zlFxYZ0CiRNkXGzJ3f0/kKLWeyNB2SjQjvV qbmf/VepmJboKcx2lmWEwXi6JMEJOQWQBkwBWjRkwsIFXc3kroCBVSY2Mq2RC81S+vQ7te8yw/1CuN+jK OIpzBOVyCB9fQgHtoQgsopPAMr/DmZM6L8+58LFoLznLmFP7I+fwBGL+QWA==</latexit><latexit sha1_base64="jRiWTDJ4suIa91Kdg0m D0hsgbcI=">AAAB83icbZDLSsNAFIZP6q3WW9Wlm8FWcFWSguhGKLhxWcFeoAnlZDpph84kYWYilNDXcO NCEbe+jDvfxulloa0/DHz85xzOmT9MBdfGdb+dwsbm1vZOcbe0t39weFQ+PmnrJFOUtWgiEtUNUTPBY9Yy 3AjWTRVDGQrWCcd3s3rniSnNk/jRTFIWSBzGPOIUjbX8qj9EKfHWq11V++WKW3PnIuvgLaECSzX75S9/k NBMsthQgVr3PDc1QY7KcCrYtORnmqVIxzhkPYsxSqaDfH7zlFxYZ0CiRNkXGzJ3f0/kKLWeyNB2SjQjvV qbmf/VepmJboKcx2lmWEwXi6JMEJOQWQBkwBWjRkwsIFXc3kroCBVSY2Mq2RC81S+vQ7te8yw/1CuN+jK OIpzBOVyCB9fQgHtoQgsopPAMr/DmZM6L8+58LFoLznLmFP7I+fwBGL+QWA==</latexit><latexit sha1_base64="jRiWTDJ4suIa91Kdg0m D0hsgbcI=">AAAB83icbZDLSsNAFIZP6q3WW9Wlm8FWcFWSguhGKLhxWcFeoAnlZDpph84kYWYilNDXcO NCEbe+jDvfxulloa0/DHz85xzOmT9MBdfGdb+dwsbm1vZOcbe0t39weFQ+PmnrJFOUtWgiEtUNUTPBY9Yy 3AjWTRVDGQrWCcd3s3rniSnNk/jRTFIWSBzGPOIUjbX8qj9EKfHWq11V++WKW3PnIuvgLaECSzX75S9/k NBMsthQgVr3PDc1QY7KcCrYtORnmqVIxzhkPYsxSqaDfH7zlFxYZ0CiRNkXGzJ3f0/kKLWeyNB2SjQjvV qbmf/VepmJboKcx2lmWEwXi6JMEJOQWQBkwBWjRkwsIFXc3kroCBVSY2Mq2RC81S+vQ7te8yw/1CuN+jK OIpzBOVyCB9fQgHtoQgsopPAMr/DmZM6L8+58LFoLznLmFP7I+fwBGL+QWA==</latexit>
hx
(t
)i
<latexit sha1_base64="8XN7XjCVMDsfzN62BG6jQWBDnYg=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3Ay2Qt2UpBvFVcGNywr2Ak0ok+lpO3QyCTMTsYSCr+LGhSJufQ53vo3TNAtt/WHg4z/ncM78QcyZ0o7zbRXW1jc2t4rbpZ3dvf0D+/CoraJEUmjRiEeyGxAFnAloaaY5dGMJJAw4dILJzbzeeQCpWCTu9TQGPyQjwYaMEm2svn1S8TgRIw74saovPJlxpW+XnZqTCa+Cm0MZ5Wr27S9vENEkBKEpJ0r1XCfWfkqkZpTDrOQlCmJCJ2QEPYOChKD8NDt/hs+NM8DDSJonNM7c3xMpCZWahoHpDIkeq+Xa3Pyv1kv08MpPmYgTDYIuFg0TjnWE51ngAZNANZ8aIFQycyumYyIJ1SaxkgnBXf7yKrTrNdfwXb3cuM7jKKJTdIaqyEWXqIFuURO1EEUpekav6M16sl6sd+tj0Vqw8plj9EfW5w/c9pS8</latexit><latexit sha1_base64="8XN7XjCVMDsfzN62BG6jQWBDnYg=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3Ay2Qt2UpBvFVcGNywr2Ak0ok+lpO3QyCTMTsYSCr+LGhSJufQ53vo3TNAtt/WHg4z/ncM78QcyZ0o7zbRXW1jc2t4rbpZ3dvf0D+/CoraJEUmjRiEeyGxAFnAloaaY5dGMJJAw4dILJzbzeeQCpWCTu9TQGPyQjwYaMEm2svn1S8TgRIw74saovPJlxpW+XnZqTCa+Cm0MZ5Wr27S9vENEkBKEpJ0r1XCfWfkqkZpTDrOQlCmJCJ2QEPYOChKD8NDt/hs+NM8DDSJonNM7c3xMpCZWahoHpDIkeq+Xa3Pyv1kv08MpPmYgTDYIuFg0TjnWE51ngAZNANZ8aIFQycyumYyIJ1SaxkgnBXf7yKrTrNdfwXb3cuM7jKKJTdIaqyEWXqIFuURO1EEUpekav6M16sl6sd+tj0Vqw8plj9EfW5w/c9pS8</latexit><latexit sha1_base64="8XN7XjCVMDsfzN62BG6jQWBDnYg=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3Ay2Qt2UpBvFVcGNywr2Ak0ok+lpO3QyCTMTsYSCr+LGhSJufQ53vo3TNAtt/WHg4z/ncM78QcyZ0o7zbRXW1jc2t4rbpZ3dvf0D+/CoraJEUmjRiEeyGxAFnAloaaY5dGMJJAw4dILJzbzeeQCpWCTu9TQGPyQjwYaMEm2svn1S8TgRIw74saovPJlxpW+XnZqTCa+Cm0MZ5Wr27S9vENEkBKEpJ0r1XCfWfkqkZpTDrOQlCmJCJ2QEPYOChKD8NDt/hs+NM8DDSJonNM7c3xMpCZWahoHpDIkeq+Xa3Pyv1kv08MpPmYgTDYIuFg0TjnWE51ngAZNANZ8aIFQycyumYyIJ1SaxkgnBXf7yKrTrNdfwXb3cuM7jKKJTdIaqyEWXqIFuURO1EEUpekav6M16sl6sd+tj0Vqw8plj9EfW5w/c9pS8</latexit><latexit sha1_base64="8XN7XjCVMDsfzN62BG6jQWBDnYg=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3Ay2Qt2UpBvFVcGNywr2Ak0ok+lpO3QyCTMTsYSCr+LGhSJufQ53vo3TNAtt/WHg4z/ncM78QcyZ0o7zbRXW1jc2t4rbpZ3dvf0D+/CoraJEUmjRiEeyGxAFnAloaaY5dGMJJAw4dILJzbzeeQCpWCTu9TQGPyQjwYaMEm2svn1S8TgRIw74saovPJlxpW+XnZqTCa+Cm0MZ5Wr27S9vENEkBKEpJ0r1XCfWfkqkZpTDrOQlCmJCJ2QEPYOChKD8NDt/hs+NM8DDSJonNM7c3xMpCZWahoHpDIkeq+Xa3Pyv1kv08MpPmYgTDYIuFg0TjnWE51ngAZNANZ8aIFQycyumYyIJ1SaxkgnBXf7yKrTrNdfwXb3cuM7jKKJTdIaqyEWXqIFuURO1EEUpekav6M16sl6sd+tj0Vqw8plj9EfW5w/c9pS8</latexit>
t
<latexit sha1_base64="sTawCNJzaeqawUAGFhEDu93xqw8=" >AAAB6nicbZA9SwNBEIbn4leMX1FLm8VEsAp3aRSrgI1lRPMByRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18YeHhnRl25g0 SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ20Tp5rxFotlrLsBNVwKxVsoUPJuojmNAsk7weR2Xu88cW1ErB5xmnA/oiMlQsEoWuuhitV BueLW3IXIOng5VCBXc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGeRUUjbvxsseqMXFhnSMJY26eQLNzfExmNjJlGge2 MKI7Nam1u/lfrpRhe+5lQSYpcseVHYSoJxmR+NxkKzRnKqQXKtLC7EjammjK06ZRsCN7qyevQrtc8y/f1SuMmj6MIZ3AOl+DBFTT gDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP5TYjUo=</latexit><latexit sha1_base64="sTawCNJzaeqawUAGFhEDu93xqw8=" >AAAB6nicbZA9SwNBEIbn4leMX1FLm8VEsAp3aRSrgI1lRPMByRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18YeHhnRl25g0 SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ20Tp5rxFotlrLsBNVwKxVsoUPJuojmNAsk7weR2Xu88cW1ErB5xmnA/oiMlQsEoWuuhitV BueLW3IXIOng5VCBXc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGeRUUjbvxsseqMXFhnSMJY26eQLNzfExmNjJlGge2 MKI7Nam1u/lfrpRhe+5lQSYpcseVHYSoJxmR+NxkKzRnKqQXKtLC7EjammjK06ZRsCN7qyevQrtc8y/f1SuMmj6MIZ3AOl+DBFTT gDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP5TYjUo=</latexit><latexit sha1_base64="sTawCNJzaeqawUAGFhEDu93xqw8=" >AAAB6nicbZA9SwNBEIbn4leMX1FLm8VEsAp3aRSrgI1lRPMByRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18YeHhnRl25g0 SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ20Tp5rxFotlrLsBNVwKxVsoUPJuojmNAsk7weR2Xu88cW1ErB5xmnA/oiMlQsEoWuuhitV BueLW3IXIOng5VCBXc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGeRUUjbvxsseqMXFhnSMJY26eQLNzfExmNjJlGge2 MKI7Nam1u/lfrpRhe+5lQSYpcseVHYSoJxmR+NxkKzRnKqQXKtLC7EjammjK06ZRsCN7qyevQrtc8y/f1SuMmj6MIZ3AOl+DBFTT gDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP5TYjUo=</latexit><latexit sha1_base64="sTawCNJzaeqawUAGFhEDu93xqw8=" >AAAB6nicbZA9SwNBEIbn4leMX1FLm8VEsAp3aRSrgI1lRPMByRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18YeHhnRl25g0 SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ20Tp5rxFotlrLsBNVwKxVsoUPJuojmNAsk7weR2Xu88cW1ErB5xmnA/oiMlQsEoWuuhitV BueLW3IXIOng5VCBXc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGeRUUjbvxsseqMXFhnSMJY26eQLNzfExmNjJlGge2 MKI7Nam1u/lfrpRhe+5lQSYpcseVHYSoJxmR+NxkKzRnKqQXKtLC7EjammjK06ZRsCN7qyevQrtc8y/f1SuMmj6MIZ3AOl+DBFTT gDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP5TYjUo=</latexit>
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10-4
0.001
0.010
0.100
  = 0.5
<latexit sha1_base64="oS+fZe3xIL3k2t5ao6 vr+hGZh4A=">AAAB83icdZBLSwMxFIXv1Fetr6pLN4Ot4KrMFEQ3QsGNywq2FTpDuZNm2tAkMyQZoQz 9G25cKOLWP+POf2P6EOrrQODjnHvJ5UQpZ9p43odTWFldW98obpa2tnd298r7B22dZIrQFkl4ou4i1J QzSVuGGU7vUkVRRJx2otHVNO/cU6VZIm/NOKWhwIFkMSNorBVUgwEKgZde7azaK1f8mjeT6/2Cr6gCCz V75fegn5BMUGkIR627vpeaMEdlGOF0UgoyTVMkIxzQrkWJguown908cU+s03fjRNknjTtzlzdyFFqPR WQnBZqh/plNzb+ybmbiizBnMs0MlWT+UZxx1yTutAC3zxQlho8tIFHM3uqSISokxtZUWi7hf2jXa77l m3qlUV/UUYQjOIZT8OEcGnANTWgBgRQe4Amencx5dF6c1/lowVnsHMI3OW+fGLiQWA==</latexit><latexit sha1_base64="oS+fZe3xIL3k2t5ao6 vr+hGZh4A=">AAAB83icdZBLSwMxFIXv1Fetr6pLN4Ot4KrMFEQ3QsGNywq2FTpDuZNm2tAkMyQZoQz 9G25cKOLWP+POf2P6EOrrQODjnHvJ5UQpZ9p43odTWFldW98obpa2tnd298r7B22dZIrQFkl4ou4i1J QzSVuGGU7vUkVRRJx2otHVNO/cU6VZIm/NOKWhwIFkMSNorBVUgwEKgZde7azaK1f8mjeT6/2Cr6gCCz V75fegn5BMUGkIR627vpeaMEdlGOF0UgoyTVMkIxzQrkWJguown908cU+s03fjRNknjTtzlzdyFFqPR WQnBZqh/plNzb+ybmbiizBnMs0MlWT+UZxx1yTutAC3zxQlho8tIFHM3uqSISokxtZUWi7hf2jXa77l m3qlUV/UUYQjOIZT8OEcGnANTWgBgRQe4Amencx5dF6c1/lowVnsHMI3OW+fGLiQWA==</latexit><latexit sha1_base64="oS+fZe3xIL3k2t5ao6 vr+hGZh4A=">AAAB83icdZBLSwMxFIXv1Fetr6pLN4Ot4KrMFEQ3QsGNywq2FTpDuZNm2tAkMyQZoQz 9G25cKOLWP+POf2P6EOrrQODjnHvJ5UQpZ9p43odTWFldW98obpa2tnd298r7B22dZIrQFkl4ou4i1J QzSVuGGU7vUkVRRJx2otHVNO/cU6VZIm/NOKWhwIFkMSNorBVUgwEKgZde7azaK1f8mjeT6/2Cr6gCCz V75fegn5BMUGkIR627vpeaMEdlGOF0UgoyTVMkIxzQrkWJguown908cU+s03fjRNknjTtzlzdyFFqPR WQnBZqh/plNzb+ybmbiizBnMs0MlWT+UZxx1yTutAC3zxQlho8tIFHM3uqSISokxtZUWi7hf2jXa77l m3qlUV/UUYQjOIZT8OEcGnANTWgBgRQe4Amencx5dF6c1/lowVnsHMI3OW+fGLiQWA==</latexit><latexit sha1_base64="oS+fZe3xIL3k2t5ao6 vr+hGZh4A=">AAAB83icdZBLSwMxFIXv1Fetr6pLN4Ot4KrMFEQ3QsGNywq2FTpDuZNm2tAkMyQZoQz 9G25cKOLWP+POf2P6EOrrQODjnHvJ5UQpZ9p43odTWFldW98obpa2tnd298r7B22dZIrQFkl4ou4i1J QzSVuGGU7vUkVRRJx2otHVNO/cU6VZIm/NOKWhwIFkMSNorBVUgwEKgZde7azaK1f8mjeT6/2Cr6gCCz V75fegn5BMUGkIR627vpeaMEdlGOF0UgoyTVMkIxzQrkWJguown908cU+s03fjRNknjTtzlzdyFFqPR WQnBZqh/plNzb+ybmbiizBnMs0MlWT+UZxx1yTutAC3zxQlho8tIFHM3uqSISokxtZUWi7hf2jXa77l m3qlUV/UUYQjOIZT8OEcGnANTWgBgRQe4Amencx5dF6c1/lowVnsHMI3OW+fGLiQWA==</latexit>
  = 1.5
<latexit sha1_base64="jRiWTDJ4suIa91Kdg0 mD0hsgbcI=">AAAB83icbZDLSsNAFIZP6q3WW9Wlm8FWcFWSguhGKLhxWcFeoAnlZDpph84kYWYilND XcONCEbe+jDvfxulloa0/DHz85xzOmT9MBdfGdb+dwsbm1vZOcbe0t39weFQ+PmnrJFOUtWgiEtUNUT PBY9Yy3AjWTRVDGQrWCcd3s3rniSnNk/jRTFIWSBzGPOIUjbX8qj9EKfHWq11V++WKW3PnIuvgLaECSz X75S9/kNBMsthQgVr3PDc1QY7KcCrYtORnmqVIxzhkPYsxSqaDfH7zlFxYZ0CiRNkXGzJ3f0/kKLWey NB2SjQjvVqbmf/VepmJboKcx2lmWEwXi6JMEJOQWQBkwBWjRkwsIFXc3kroCBVSY2Mq2RC81S+vQ7te 8yw/1CuN+jKOIpzBOVyCB9fQgHtoQgsopPAMr/DmZM6L8+58LFoLznLmFP7I+fwBGL+QWA==</latex it><latexit sha1_base64="jRiWTDJ4suIa91Kdg0 mD0hsgbcI=">AAAB83icbZDLSsNAFIZP6q3WW9Wlm8FWcFWSguhGKLhxWcFeoAnlZDpph84kYWYilND XcONCEbe+jDvfxulloa0/DHz85xzOmT9MBdfGdb+dwsbm1vZOcbe0t39weFQ+PmnrJFOUtWgiEtUNUT PBY9Yy3AjWTRVDGQrWCcd3s3rniSnNk/jRTFIWSBzGPOIUjbX8qj9EKfHWq11V++WKW3PnIuvgLaECSz X75S9/kNBMsthQgVr3PDc1QY7KcCrYtORnmqVIxzhkPYsxSqaDfH7zlFxYZ0CiRNkXGzJ3f0/kKLWey NB2SjQjvVqbmf/VepmJboKcx2lmWEwXi6JMEJOQWQBkwBWjRkwsIFXc3kroCBVSY2Mq2RC81S+vQ7te 8yw/1CuN+jKOIpzBOVyCB9fQgHtoQgsopPAMr/DmZM6L8+58LFoLznLmFP7I+fwBGL+QWA==</latex it><latexit sha1_base64="jRiWTDJ4suIa91Kdg0 mD0hsgbcI=">AAAB83icbZDLSsNAFIZP6q3WW9Wlm8FWcFWSguhGKLhxWcFeoAnlZDpph84kYWYilND XcONCEbe+jDvfxulloa0/DHz85xzOmT9MBdfGdb+dwsbm1vZOcbe0t39weFQ+PmnrJFOUtWgiEtUNUT PBY9Yy3AjWTRVDGQrWCcd3s3rniSnNk/jRTFIWSBzGPOIUjbX8qj9EKfHWq11V++WKW3PnIuvgLaECSz X75S9/kNBMsthQgVr3PDc1QY7KcCrYtORnmqVIxzhkPYsxSqaDfH7zlFxYZ0CiRNkXGzJ3f0/kKLWey NB2SjQjvVqbmf/VepmJboKcx2lmWEwXi6JMEJOQWQBkwBWjRkwsIFXc3kroCBVSY2Mq2RC81S+vQ7te 8yw/1CuN+jKOIpzBOVyCB9fQgHtoQgsopPAMr/DmZM6L8+58LFoLznLmFP7I+fwBGL+QWA==</latex it><latexit sha1_base64="jRiWTDJ4suIa91Kdg0 mD0hsgbcI=">AAAB83icbZDLSsNAFIZP6q3WW9Wlm8FWcFWSguhGKLhxWcFeoAnlZDpph84kYWYilND XcONCEbe+jDvfxulloa0/DHz85xzOmT9MBdfGdb+dwsbm1vZOcbe0t39weFQ+PmnrJFOUtWgiEtUNUT PBY9Yy3AjWTRVDGQrWCcd3s3rniSnNk/jRTFIWSBzGPOIUjbX8qj9EKfHWq11V++WKW3PnIuvgLaECSz X75S9/kNBMsthQgVr3PDc1QY7KcCrYtORnmqVIxzhkPYsxSqaDfH7zlFxYZ0CiRNkXGzJ3f0/kKLWey NB2SjQjvVqbmf/VepmJboKcx2lmWEwXi6JMEJOQWQBkwBWjRkwsIFXc3kroCBVSY2Mq2RC81S+vQ7te 8yw/1CuN+jKOIpzBOVyCB9fQgHtoQgsopPAMr/DmZM6L8+58LFoLznLmFP7I+fwBGL+QWA==</latex it>
d(
t)
<latexit sha1_base64="elhRhs8ZU3QNWoVdMpbK103JzTQ=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAV6qbMdKO4KrhxWcFeoB1KJpNpYzPJkJwRytB3cONCEbe+jzvfxrSdhbb+EPj4zznknD9IBDfgut9OYWNza3unuFva2z84PCofn3SMSjVlbaqE0r2AGCa4ZG3gIFgv0YzEgWDdYHI7r3efmDZcyQeYJsyPyUjyiFMC1upUwxpcVoflilt3F8Lr4OVQQblaw/LXIFQ0jZkEKogxfc9NwM+IBk4Fm5UGqWEJoRMyYn2LksTM+Nli2xm+sE6II6Xtk4AX7u+JjMTGTOPAdsYExma1Njf/q/VTiK79jMskBSbp8qMoFRgUnp+OQ64ZBTG1QKjmdldMx0QTCjagkg3BWz15HTqNumf5vlFp3uRxFNEZOkc15KEr1ER3qIXaiKJH9Ixe0ZujnBfn3flYthacfOYU/ZHz+QMZGY4d</latexit><latexit sha1_base64="elhRhs8ZU3QNWoVdMpbK103JzTQ=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAV6qbMdKO4KrhxWcFeoB1KJpNpYzPJkJwRytB3cONCEbe+jzvfxrSdhbb+EPj4zznknD9IBDfgut9OYWNza3unuFva2z84PCofn3SMSjVlbaqE0r2AGCa4ZG3gIFgv0YzEgWDdYHI7r3efmDZcyQeYJsyPyUjyiFMC1upUwxpcVoflilt3F8Lr4OVQQblaw/LXIFQ0jZkEKogxfc9NwM+IBk4Fm5UGqWEJoRMyYn2LksTM+Nli2xm+sE6II6Xtk4AX7u+JjMTGTOPAdsYExma1Njf/q/VTiK79jMskBSbp8qMoFRgUnp+OQ64ZBTG1QKjmdldMx0QTCjagkg3BWz15HTqNumf5vlFp3uRxFNEZOkc15KEr1ER3qIXaiKJH9Ixe0ZujnBfn3flYthacfOYU/ZHz+QMZGY4d</latexit><latexit sha1_base64="elhRhs8ZU3QNWoVdMpbK103JzTQ=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAV6qbMdKO4KrhxWcFeoB1KJpNpYzPJkJwRytB3cONCEbe+jzvfxrSdhbb+EPj4zznknD9IBDfgut9OYWNza3unuFva2z84PCofn3SMSjVlbaqE0r2AGCa4ZG3gIFgv0YzEgWDdYHI7r3efmDZcyQeYJsyPyUjyiFMC1upUwxpcVoflilt3F8Lr4OVQQblaw/LXIFQ0jZkEKogxfc9NwM+IBk4Fm5UGqWEJoRMyYn2LksTM+Nli2xm+sE6II6Xtk4AX7u+JjMTGTOPAdsYExma1Njf/q/VTiK79jMskBSbp8qMoFRgUnp+OQ64ZBTG1QKjmdldMx0QTCjagkg3BWz15HTqNumf5vlFp3uRxFNEZOkc15KEr1ER3qIXaiKJH9Ixe0ZujnBfn3flYthacfOYU/ZHz+QMZGY4d</latexit><latexit sha1_base64="elhRhs8ZU3QNWoVdMpbK103JzTQ=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAV6qbMdKO4KrhxWcFeoB1KJpNpYzPJkJwRytB3cONCEbe+jzvfxrSdhbb+EPj4zznknD9IBDfgut9OYWNza3unuFva2z84PCofn3SMSjVlbaqE0r2AGCa4ZG3gIFgv0YzEgWDdYHI7r3efmDZcyQeYJsyPyUjyiFMC1upUwxpcVoflilt3F8Lr4OVQQblaw/LXIFQ0jZkEKogxfc9NwM+IBk4Fm5UGqWEJoRMyYn2LksTM+Nli2xm+sE6II6Xtk4AX7u+JjMTGTOPAdsYExma1Njf/q/VTiK79jMskBSbp8qMoFRgUnp+OQ64ZBTG1QKjmdldMx0QTCjagkg3BWz15HTqNumf5vlFp3uRxFNEZOkc15KEr1ER3qIXaiKJH9Ixe0ZujnBfn3flYthacfOYU/ZHz+QMZGY4d</latexit>
t
<latexit sha1_base64="sTawCNJzaeqawUAGFhED u93xqw8=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8VEsAp3aRSrgI1lRPMByRH2NnvJkr29Y3dOCEd+go2FIr b+Ijv/jZvkCk18YeHhnRl25g0SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ20Tp5rxFotlrLsBNVwKxVsoUPJuo jmNAsk7weR2Xu88cW1ErB5xmnA/oiMlQsEoWuuhitVBueLW3IXIOng5VCBXc1D+6g9jlkZcIZPUmJ7nJuhn VKNgks9K/dTwhLIJHfGeRUUjbvxsseqMXFhnSMJY26eQLNzfExmNjJlGge2MKI7Nam1u/lfrpRhe+5lQSYpc seVHYSoJxmR+NxkKzRnKqQXKtLC7EjammjK06ZRsCN7qyevQrtc8y/f1SuMmj6MIZ3AOl+DBFTTgDprQAgY jeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP5TYjUo=</latexit><latexit sha1_base64="sTawCNJzaeqawUAGFhED u93xqw8=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8VEsAp3aRSrgI1lRPMByRH2NnvJkr29Y3dOCEd+go2FIr b+Ijv/jZvkCk18YeHhnRl25g0SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ20Tp5rxFotlrLsBNVwKxVsoUPJuo jmNAsk7weR2Xu88cW1ErB5xmnA/oiMlQsEoWuuhitVBueLW3IXIOng5VCBXc1D+6g9jlkZcIZPUmJ7nJuhn VKNgks9K/dTwhLIJHfGeRUUjbvxsseqMXFhnSMJY26eQLNzfExmNjJlGge2MKI7Nam1u/lfrpRhe+5lQSYpc seVHYSoJxmR+NxkKzRnKqQXKtLC7EjammjK06ZRsCN7qyevQrtc8y/f1SuMmj6MIZ3AOl+DBFTTgDprQAgY jeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP5TYjUo=</latexit><latexit sha1_base64="sTawCNJzaeqawUAGFhED u93xqw8=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8VEsAp3aRSrgI1lRPMByRH2NnvJkr29Y3dOCEd+go2FIr b+Ijv/jZvkCk18YeHhnRl25g0SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ20Tp5rxFotlrLsBNVwKxVsoUPJuo jmNAsk7weR2Xu88cW1ErB5xmnA/oiMlQsEoWuuhitVBueLW3IXIOng5VCBXc1D+6g9jlkZcIZPUmJ7nJuhn VKNgks9K/dTwhLIJHfGeRUUjbvxsseqMXFhnSMJY26eQLNzfExmNjJlGge2MKI7Nam1u/lfrpRhe+5lQSYpc seVHYSoJxmR+NxkKzRnKqQXKtLC7EjammjK06ZRsCN7qyevQrtc8y/f1SuMmj6MIZ3AOl+DBFTTgDprQAgY jeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP5TYjUo=</latexit><latexit sha1_base64="sTawCNJzaeqawUAGFhED u93xqw8=">AAAB6nicbZA9SwNBEIbn4leMX1FLm8VEsAp3aRSrgI1lRPMByRH2NnvJkr29Y3dOCEd+go2FIr b+Ijv/jZvkCk18YeHhnRl25g0SKQy67rdT2Njc2t4p7pb29g8Oj8rHJ20Tp5rxFotlrLsBNVwKxVsoUPJuo jmNAsk7weR2Xu88cW1ErB5xmnA/oiMlQsEoWuuhitVBueLW3IXIOng5VCBXc1D+6g9jlkZcIZPUmJ7nJuhn VKNgks9K/dTwhLIJHfGeRUUjbvxsseqMXFhnSMJY26eQLNzfExmNjJlGge2MKI7Nam1u/lfrpRhe+5lQSYpc seVHYSoJxmR+NxkKzRnKqQXKtLC7EjammjK06ZRsCN7qyevQrtc8y/f1SuMmj6MIZ3AOl+DBFTTgDprQAgY jeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP5TYjUo=</latexit>
e 3t
<latexit sha1_base64="sDeC9XzCuD QRjP1oVr6GGHREZR0=">AAAB8HicdVDJSgNBEK1xjXGLevTSmAheDDPxoMeAF4 8RzCLJGHo6NUmT7pmhu0cIQ77CiwdFvPo53vwbO4sQtwcFj/eqqKoXJIJr47of ztLyyuraem4jv7m1vbNb2Ntv6DhVDOssFrFqBVSj4BHWDTcCW4lCKgOBzWB4Of Gb96g0j6MbM0rQl7Qf8ZAzaqx0W8K77PTMjEvdQtEru1MQ9xf5soowR61beO/0Y pZKjAwTVOu25ybGz6gynAkc5zupxoSyIe1j29KIStR+Nj14TI6t0iNhrGxFhkz VxYmMSq1HMrCdkpqB/ulNxL+8dmrCCz/jUZIajNhsUZgKYmIy+Z70uEJmxMgSy hS3txI2oIoyYzPKL4bwP2lUyp7l15Vi1Z3HkYNDOIIT8OAcqnAFNagDAwkP8AT PjnIenRfndda65MxnDuAbnLdPrICPmA==</latexit><latexit sha1_base64="sDeC9XzCuD QRjP1oVr6GGHREZR0=">AAAB8HicdVDJSgNBEK1xjXGLevTSmAheDDPxoMeAF4 8RzCLJGHo6NUmT7pmhu0cIQ77CiwdFvPo53vwbO4sQtwcFj/eqqKoXJIJr47of ztLyyuraem4jv7m1vbNb2Ntv6DhVDOssFrFqBVSj4BHWDTcCW4lCKgOBzWB4Of Gb96g0j6MbM0rQl7Qf8ZAzaqx0W8K77PTMjEvdQtEru1MQ9xf5soowR61beO/0Y pZKjAwTVOu25ybGz6gynAkc5zupxoSyIe1j29KIStR+Nj14TI6t0iNhrGxFhkz VxYmMSq1HMrCdkpqB/ulNxL+8dmrCCz/jUZIajNhsUZgKYmIy+Z70uEJmxMgSy hS3txI2oIoyYzPKL4bwP2lUyp7l15Vi1Z3HkYNDOIIT8OAcqnAFNagDAwkP8AT PjnIenRfndda65MxnDuAbnLdPrICPmA==</latexit><latexit sha1_base64="sDeC9XzCuD QRjP1oVr6GGHREZR0=">AAAB8HicdVDJSgNBEK1xjXGLevTSmAheDDPxoMeAF4 8RzCLJGHo6NUmT7pmhu0cIQ77CiwdFvPo53vwbO4sQtwcFj/eqqKoXJIJr47of ztLyyuraem4jv7m1vbNb2Ntv6DhVDOssFrFqBVSj4BHWDTcCW4lCKgOBzWB4Of Gb96g0j6MbM0rQl7Qf8ZAzaqx0W8K77PTMjEvdQtEru1MQ9xf5soowR61beO/0Y pZKjAwTVOu25ybGz6gynAkc5zupxoSyIe1j29KIStR+Nj14TI6t0iNhrGxFhkz VxYmMSq1HMrCdkpqB/ulNxL+8dmrCCz/jUZIajNhsUZgKYmIy+Z70uEJmxMgSy hS3txI2oIoyYzPKL4bwP2lUyp7l15Vi1Z3HkYNDOIIT8OAcqnAFNagDAwkP8AT PjnIenRfndda65MxnDuAbnLdPrICPmA==</latexit><latexit sha1_base64="sDeC9XzCuD QRjP1oVr6GGHREZR0=">AAAB8HicdVDJSgNBEK1xjXGLevTSmAheDDPxoMeAF4 8RzCLJGHo6NUmT7pmhu0cIQ77CiwdFvPo53vwbO4sQtwcFj/eqqKoXJIJr47of ztLyyuraem4jv7m1vbNb2Ntv6DhVDOssFrFqBVSj4BHWDTcCW4lCKgOBzWB4Of Gb96g0j6MbM0rQl7Qf8ZAzaqx0W8K77PTMjEvdQtEru1MQ9xf5soowR61beO/0Y pZKjAwTVOu25ybGz6gynAkc5zupxoSyIe1j29KIStR+Nj14TI6t0iNhrGxFhkz VxYmMSq1HMrCdkpqB/ulNxL+8dmrCCz/jUZIajNhsUZgKYmIy+Z70uEJmxMgSy hS3txI2oIoyYzPKL4bwP2lUyp7l15Vi1Z3HkYNDOIIT8OAcqnAFNagDAwkP8AT PjnIenRfndda65MxnDuAbnLdPrICPmA==</latexit>
e 4t
<latexit sha1_base64="1VUtt6xcNqmp05 pwCFuysxALA2A=">AAAB8HicbZBNSwMxEIZn61etX1WPXhZbwYtltwh6LHjxWMF+SLuWbDp tQ5PskmSFsvRXePGgiFd/jjf/jWm7B219IfDwzgyZecOYM20879vJra1vbG7ltws7u3v7B 8XDo6aOEkWxQSMeqXZINHImsWGY4diOFRIRcmyF45tZvfWESrNI3ptJjIEgQ8kGjBJjrYcy PqYXl2Za7hVLXsWby10FP4MSZKr3il/dfkQTgdJQTrTu+F5sgpQowyjHaaGbaIwJHZMhdix KIlAH6XzhqXtmnb47iJR90rhz9/dESoTWExHaTkHMSC/XZuZ/tU5iBtdBymScGJR08dEg4a 6J3Nn1bp8ppIZPLBCqmN3VpSOiCDU2o4INwV8+eRWa1Ypv+a5aqnlZHHk4gVM4Bx+uoAa3 UIcGUBDwDK/w5ijnxXl3PhatOSebOYY/cj5/AKyHj5g=</latexit><latexit sha1_base64="1VUtt6xcNqmp05 pwCFuysxALA2A=">AAAB8HicbZBNSwMxEIZn61etX1WPXhZbwYtltwh6LHjxWMF+SLuWbDp tQ5PskmSFsvRXePGgiFd/jjf/jWm7B219IfDwzgyZecOYM20879vJra1vbG7ltws7u3v7B 8XDo6aOEkWxQSMeqXZINHImsWGY4diOFRIRcmyF45tZvfWESrNI3ptJjIEgQ8kGjBJjrYcy PqYXl2Za7hVLXsWby10FP4MSZKr3il/dfkQTgdJQTrTu+F5sgpQowyjHaaGbaIwJHZMhdix KIlAH6XzhqXtmnb47iJR90rhz9/dESoTWExHaTkHMSC/XZuZ/tU5iBtdBymScGJR08dEg4a 6J3Nn1bp8ppIZPLBCqmN3VpSOiCDU2o4INwV8+eRWa1Ypv+a5aqnlZHHk4gVM4Bx+uoAa3 UIcGUBDwDK/w5ijnxXl3PhatOSebOYY/cj5/AKyHj5g=</latexit><latexit sha1_base64="1VUtt6xcNqmp05 pwCFuysxALA2A=">AAAB8HicbZBNSwMxEIZn61etX1WPXhZbwYtltwh6LHjxWMF+SLuWbDp tQ5PskmSFsvRXePGgiFd/jjf/jWm7B219IfDwzgyZecOYM20879vJra1vbG7ltws7u3v7B 8XDo6aOEkWxQSMeqXZINHImsWGY4diOFRIRcmyF45tZvfWESrNI3ptJjIEgQ8kGjBJjrYcy PqYXl2Za7hVLXsWby10FP4MSZKr3il/dfkQTgdJQTrTu+F5sgpQowyjHaaGbaIwJHZMhdix KIlAH6XzhqXtmnb47iJR90rhz9/dESoTWExHaTkHMSC/XZuZ/tU5iBtdBymScGJR08dEg4a 6J3Nn1bp8ppIZPLBCqmN3VpSOiCDU2o4INwV8+eRWa1Ypv+a5aqnlZHHk4gVM4Bx+uoAa3 UIcGUBDwDK/w5ijnxXl3PhatOSebOYY/cj5/AKyHj5g=</latexit><latexit sha1_base64="1VUtt6xcNqmp05 pwCFuysxALA2A=">AAAB8HicbZBNSwMxEIZn61etX1WPXhZbwYtltwh6LHjxWMF+SLuWbDp tQ5PskmSFsvRXePGgiFd/jjf/jWm7B219IfDwzgyZecOYM20879vJra1vbG7ltws7u3v7B 8XDo6aOEkWxQSMeqXZINHImsWGY4diOFRIRcmyF45tZvfWESrNI3ptJjIEgQ8kGjBJjrYcy PqYXl2Za7hVLXsWby10FP4MSZKr3il/dfkQTgdJQTrTu+F5sgpQowyjHaaGbaIwJHZMhdix KIlAH6XzhqXtmnb47iJR90rhz9/dESoTWExHaTkHMSC/XZuZ/tU5iBtdBymScGJR08dEg4a 6J3Nn1bp8ppIZPLBCqmN3VpSOiCDU2o4INwV8+eRWa1Ypv+a5aqnlZHHk4gVM4Bx+uoAa3 UIcGUBDwDK/w5ijnxXl3PhatOSebOYY/cj5/AKyHj5g=</latexit>
FIG. 9. Relaxation in the harmonic potential V (x) = µ/2x2 with choices of parameters µ = 2.0 and v0 = 1, and for two
different values of γ = 0.5 (red) and γ = 1.5 (black). The left panel shows the decay of 〈x(t)〉 as a function of time, starting
from x0 = 0.53. Clearly, the relaxation is a pure exponential, as predicted in Eq. (63), independently of γ. In the right panel, we
plot d(t) = Var(∞)−Var(t) where Var(t) = 〈x(t)2〉 − 〈x(t)〉2 is the variance at time t. According to the theoretical prediction
in Eq. (64), d(t) ∼ e−λt with λ = min(µ+ 2γ, 2µ). Since µ = 2.0, we expect a change of behaviour in the decay exponent λ at
γ = 1: λ = 2 + 2γ if γ < 1 while λ = 4 if γ > 1. The simulations for γ = 0.5 < 1 and γ = 1.5 > 1 are in excellent agreement
with this theoretical prediction.
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FIG. 10. Plot of λ0 as a function of γ for x0 = 0 [see Eq.
(61)].
For generic x0 6= 0 the first moment decays as ∼ e−µ t,
indicating that the largest relaxation time is µ−1. For
x0 = 0, the average 〈x(t)〉 remains zero at all times by
symmetry. Hence the lowest non-zero cumulant is the
variance Var(t) = 〈x(t)2〉−〈x(t)〉2. We see from Eq. (64)
that the variance decays to its stationary value Var(∞)
at large times and the relaxation to this stationary value
has two competing modes
d(t) = Var(∞)−Var(t) ∼ e−λ0 t , (66)
where the slowest relaxation mode is given by
λ0 = min(µ+ 2γ, 2µ) . (67)
Thus there is a change of behavior in the relaxation
of the variance at γc = µ/2. In Fig. 9 we verify these
relaxation behaviours numerically, where, in particular,
we do observe this change of behavior.
IV. FIRST-PASSAGE PROPERTIES
In this section, we investigate the first-passage prop-
erties of the active particle in a confining potential. The
first-passage probability density Ffp(t, x0) is defined as
follows: for a particle starting at x0 > 0, Ffp(t, x0) dt
denotes the probability that the particle crosses the ori-
gin x = 0 for the first time in the interval [t, t+ dt] [20–
22]. It is conveniently computed from the time-derivative
Ffp(t, x0) = −∂tQ(x0, t) where Q(x0, t) is the survival
probability of the particle up to time t, starting at x0,
in presence of an absorbing wall at the origin x = 0.
Let Q±(x0, t) denote the survival probability of the par-
ticle starting at x0 with, respectively, positive or neg-
ative velocity. Assuming that, initially, positive and
negative velocities occur with equal probability 1/2, we
have Q(x0, t) = (Q+(x0, t) + Q−(x0, t))/2. To analyse
these survival probabilities, it is well known that, study-
ing their backward Fokker-Planck equations is more con-
venient than the corresponding forward Fokker-Planck
equations [22]. In this backward Fokker-Planck ap-
proach, one treats the initial position x0 as a variable
and by analysing the stochastic moves in the first time
step using the Langevin equation dx/dt = f(x) +v0 σ(t),
one can easily write down the backward Fokker-Planck
equations as
∂tQ+(x0, t) =− γQ+(x0, t) + γQ−(x0, t)
+ [f(x0) + v0] ∂x0Q+(x0, t), (68)
∂tQ−(x0, t) =γQ+(x0, t)− γQ−(x0, t)
+ [f(x0)− v0] ∂x0Q−(x0, t) . (69)
These equations have to be solved in the regime x0 ∈
[0,+∞) with the boundary conditions: a) Q−(x0 =
0, t) = 0. This is because if the particle starts at the ori-
gin with a negative velocity it can not survive up to any
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finite time t. However, if it starts at x0 = 0 with a posi-
tive velocity, it can survive up to any finite time t. Hence
Q+(x0 = 0, t) is not specified. b) Q±(x0 → ∞, t) = 1
which follows from the fact that, if the particle starts
initially at x0 = +∞, then irrespective of its initial ve-
locity, it will survive with probability 1 up to any finite
time t. Furthermore, we specify the initial conditions
Q±(x0, t = 0) = 1.
To solve Eqs. (68) and (69), it is convenient to take
the Laplace transform with respect to t, Q˜±(x0, s) =∫∞
0
e−stQ±(x0, t). Using the initial condition Q±(x0, t =
0) = 1 we find
−1 + sQ˜+(x0, s) =− γQ˜+(x0, s) + γQ˜−(x0, s)
+ [f(x0) + v0] ∂x0Q˜+(x0, s), (70)
−1 + sQ˜−(x0, s) =γQ˜+(x0, s)− γQ˜−(x0, s)
+ [f(x0)− v0] ∂x0Q˜−(x0, s) . (71)
The boundary conditions a) and b) translate respectively
to Q˜−(x0 = 0, s) = 0 and Q˜±(x0 →∞, s) = 1/s. Making
a shift
Q˜±(x0, s) = 1/s+ q˜±(x0, s) (72)
these inhomogeneous equations (70) can be transformed
to a homogeneous form
[f(x0) + v0] ∂x0 q˜+(x0, s)r
− (γ + s) q˜+(x0, s) + γ q˜−(x0, s) = 0,
[f(x0)− v0] ∂x0 q˜−(x0, s)
+ γ q˜+(x0, s)− (γ + s) q˜−(x0, s) = 0,
(73)
with the boundary conditions q˜−(x0 = 0, s) = −1/s and
q˜±(x0 →∞, s) = 0.
While these equations hold for a general force f(x) =
−V ′(x), they are hard to solve for arbitrary potentials.
However, for the harmonic case V (x) = (µ/2)x2, they
can be explicitly solved as we show below. Substituting
f(x) = −µx in these equations, they can be re-written
in the following convenient form
Lˆ+ q˜+(x0, s) = −γ q˜−(x0, s), (74)
Lˆ− q˜−(x0, s) = −γ q˜+(x0, s), (75)
where the pair of operators Lˆ± are given by
Lˆ± = [−µx0 ± v0] ∂x0 − (γ + s) (76)
and the boundary conditions are as before,
q˜−(x0 = 0, s) = −1/s (77)
q˜±(x0 →∞, s) = 0 . (78)
Applying Lˆ− on both sides of Eq. (74) and using Eq.
(75), one can eliminate q˜−(x0, s) and obtain a closed
equation for q˜+(x0, s) only. Similarly, applying Lˆ+ on
both sides of Eq. (75) and using Eq. (74) one obtains a
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FIG. 11. We measure the decay exponent θ, characterizing the
exponential decay of the survival probability Q(x0, t) ∼ e−θ t
for the harmonic potential V (x) = µx2/2 with parameters
µ = 1, v0 = 1, as a function of γ. The solid line corresponds
to the root of the hypergeometric function in Eq. (91) while
the filled red dots correspond to the numerically obtained
values, showing excellent agreement.
closed equation for q˜−(x0, s) only. These equations read,
for x0 ∈ [0,+∞)
(µ2x20 − v20)∂2x0 q˜± + [µ(µ+ 2γ + 2s)x0 ± µv0]∂x0 q˜±
+ (s2 + 2sγ)q˜± = 0 . (79)
We now make the customary change of variable µx0 =
v0(1− 2z) (we will see that this change of variable trans-
forms the differential equations in standard hypergeomet-
ric differential equations). The domain 0 ≤ x0 < ∞
transforms to −∞ < z ≤ 12 for z. The equations in the z
variable read
z(1−z)∂2z q˜±+[c′±−(a′+b′+1)z]∂z q˜±−a′b′q˜± = 0, (80)
where
a′ =
s
µ
, b′ =
s+ 2γ
µ
, and (81)
c′+ = 1 +
γ + s
µ
, c′− =
γ + s
µ
. (82)
It is sufficient to solve the equations (80) for one of them,
either q˜+ or q˜−. It turns out to be more convenient to
solve for q˜−, for which the boundary conditions, using
(77) and (78), are simply
q˜−(z = 1/2, s) = −1
s
(83)
q˜−(z → −∞, s) = 0 . (84)
Identifying the equation for q˜−(z, s) (80) as a standard
hypergeometric differential equation, its general solution
can be written as
q˜−(z, s) = C1 F (a′, b′, c′−, z) (85)
+ C2 z
1−c′− F (1 + a′ − c′−, 1 + b′ − c′−, 2− c′−, z),
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where F (a′, b′, c′, z) =2F1(a′, b′, c′, z) is a standard hyper-
geometric function (the same as before). The constants
C1,2 are fixed from the two boundary conditions (83) and
(84). Simplifying, we finally get
q˜−(z, s) = −1
s
F
(
s
µ ,
s+2γ
µ ,
s+γ
µ , z
)
F
(
s
µ ,
s+2γ
µ ,
s+γ
µ ,
1
2
) . (86)
From Eq. (75), we can then obtain the solution for
q˜+(z, s). Using some identities of hypergeometric func-
tions, one can simplify and obtain the following result
q˜+(z, s) = −γ
s
F
(
s
µ ,
s+2γ
µ ,
s+γ+µ)
µ , z
)
D(s, γ, µ) (87)
where the denominator D(s, γ, µ) is given by
D(s, γ, µ) = (γ + s) F
(
s
µ
,
s+ 2γ
µ
,
s+ γ + µ)
µ
,
1
2
)
(88)
+
1
2
s(s+ 2γ)
(s+ γ + µ)
F
(
s+ µ
µ
,
s+ 2γ + µ
µ
,
s+ γ + 2µ
µ
,
1
2
)
.
Inverting these Laplace transforms in Eqs. (87) and
(86) and obtaining explicitly the survival probabilities
Q±(x0, t) from Eq. (72) at any arbitrary time t, seems
to be extremely hard. However, one can make progress
at late times. Since the particle moves in a confining
potential, we would expect that the survival probability
Q(x0, t) decays exponentially in time for large t
Q(x0, t) ∼ e−θ t (89)
with a decay exponent θ. For an active particle, with
symmetric initial conditions, we anticipate that both
Q±(x0, t) decay exponentially with the same exponent
θ, i.e. Q±(x0, t) ≈ e−θ t. For a passive Ornstein-
Uhlenbeck particle (corresponding to the harmonic po-
tential V (x) = (µ/2)x2) , we recall that the correspond-
ing decay exponent is given simply by
θOU = µ . (90)
In this case, it simply coincides with the inverse relax-
ation time µ, as discussed in the previous section. How-
ever, for an active particle, we show below that the de-
cay exponent θ associated to the survival probability (or
equivalently for the first-passage probability) is highly
non-trivial and different from the inverse relaxation time
discussed in the previous section [see Eq. (61)].
To extract the decay exponent θ from the Laplace
transforms q˜±(z, s) in Eqs. (87) and (86), we again note
that the exponential decay in real time corresponds to
having a pole on the negative s-axis in the Laplace space.
Hence, from Eq. (86), the denominator must vanish at
s = −θ. Hence the exponent θ is given by the lowest
positive root of
F
(−θ
µ
,
2γ − θ
µ
,
γ − θ
µ
,
1
2
)
= 0 . (91)
Similarly, setting the denominator in Eq. (87) to 0 gives
another equation for θ, D(−θ, γ, µ) = 0, which can be
shown to coincide with Eq. (91), upon using some identi-
ties of hypergeometric functions. Clearly, from Eq. (91),
the solution θ can be expressed in a scaling form
θ = µ U
(
γ
µ
)
. (92)
where the scaling function U(x) can be evaluated nu-
merically, e.g. with Mathematica (as shown by the solid
line in Fig. 11). It is easy to derive the asymptotic
behaviours of the scaling function U(x). Consider first
the limit µ → ∞ (which corresponds to x → 0 limit
of U(x) in Eq. (92)). In this case the position of the
particle gets slaved to the noise v0σ(t). To see this, we
note the Langevin equation dx/dt = −µx + v0σ(t) in-
dicates that, as µ → ∞, one can ignore the term dx/dt
and the solution is effectively x(t) ≈ (v0/µ)σ(t). The
noise field σ(t) is just a Poisson process with rate γ and
hence the probability that it does not change sign up to
time t is simply ∼ e−γ t. This indicates that θ → γ as
µ→∞. Hence the scaling function in (92) must behave
as U(x) ≈ x as x → 0. In the opposite limit x → ∞,
which corresponds to γ → ∞, the noise σ(t) flips sign
extremely rapidly and the process x(t) reduces to the
passive Ornstein-Uhlenbeck process for which θ = µ, as
discussed earlier. Hence, we expect U(x)→ 1 as x→∞.
Summarising,
U(x) =
{
x for x→ 0
1 for x→∞ . (93)
We also performed numerical simulations for µ = 1 (and
setting v0 = 1) and determined θ as a function of γ, as
shown by the filled black dots in Fig. 11. The results
of the simulations are in excellent agreement with the
theoretical result shown by the solid line.
The exponential decay of the survival probability
Q(x0, t) ∼ e−θt for large t in Eq. (89) indicates that
the first-passage probability density also decays exponen-
tially with the same rate, Ffp(t, x0) = −∂tQ(x0, t) ∼
e−θt, where θ is given by the lowest positive root of
Eq. (91) and plotted as a function of γ in Fig. 11. In-
deed the mean first-passage time, which is finite, was
already computed exactly in Ref. [18], however the full
first-passage time distribution was not studied in detail.
V. CONCLUSION
To summarise, we have studied the static and dynam-
ics of a run and tumble particle (RTP) in one-dimension
in presence of an external confining potential of the type
V (x) = α |x|p, with p > 0. We showed that the sta-
tionary probability density P (x) has a rich behavior in
the (p, α)-plane. For p > 1, the distribution has a finite
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support in [x−, x+] and there is an interesting shape tran-
sition in the (p, α)-plane across a critical line αc(p). For
α > αc(p), the distribution P (x) diverges at x±, charac-
teristic of an active-like phase while for α < αc(p), P (x)
vanishes at x± corresponding to a passive-like phase. On
the marginal line p = 1, there is an additional transi-
tion as a function of α: for α < αc = v0, the stationary
distribution P (x) is a symmetric exponential, while for
α ≥ αc = v0, the stationary distribution collapses to a
delta function at the origin, P (x) = δ(x). Furthermore,
for 0 < p < 1 and all α > 0, the stationary state is
again a delta function P (x) = δ(x). These results are
summarised in the phase diagram in Fig. 2. In addition,
for the harmonic case p = 2, we have obtained exact re-
sults for the relaxation to the stationary state and also
the probability of the first-passage time to the origin. As
an example of one non-harmonic case, we have also com-
puted the relaxation and the first-passage properties for
the potential V (x) = α |x|.
There remain several interesting open questions. Here,
for RTP in 1d, we have provided exact results for the re-
laxation and first-passage properties in potentials of the
form V (x) = α |x|p but only for two special values p = 1
and p = 2. It remains challenging to obtain analytical re-
sults for other values of p. Another interesting extension
of our results would be to investigate the relaxation and
first-passage properties of an RTP in higher dimensions.
In higher dimensions, there exist some approximate re-
sults for the statics and dynamics of an RTP in a con-
fining potential [16, 23, 24]. However, first-passage prop-
erties have not been systematically studied for an RTP
in a confining potential in higher dimensions. It would
be interesting to find an exactly solvable model in higher
dimensions, both for the relaxation to the steady-state
as well as for the first-passage properties. Very recently,
the free RTP in one-dimension but in the presence of re-
setting to the initial position was exactly solved both for
the stationary state as well as for the first-passage prop-
erties [25]: it would be interesting to see how an external
potential generalises these results.
Finally, we have studied here the statics, dynamics and
first-passage properties of a run and tumble particle in
a confining potential. Another well studied model for
active particles is the so-called active Brownian motion
(ABM) in two-dimensions in the presence of a confining
potential. While some results on the steady-state prop-
erties have been derived [6, 26–29], there are hardly any
study on the relaxational dynamics to the steady states
and first-passage properties (see however Ref. [26] for
some recent analytical results). It would thus be inter-
esting to find an exactly solvable model for the relaxation
and for the first-passage properties.
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Appendix A: The constants A(γ¯, s¯) and B(γ¯, s¯) appearing in Eqs. (54) and (55)
In this appendix, we consider the solution in Eq. (57) and provide the detailed expressions for the two constants B1
and B2. We substitute the general solutions (54) and (55) into (i) the jump condition (47) and (ii) the normalisation
condition in (56). This gives two linear equations for the two unknown constants A and B in Eqs. (54) and (55).
Solving these two linear equations gives
A =
3γ¯
8(γ¯ + s¯− 1) , (A1)
B =
2γ¯+s¯−4
{
(1− γ¯ − s¯) [2− 3F (1− s¯, 1− s¯− 2γ¯, 1− s¯− γ¯, 12)]− 3γ¯ F (1− s¯, 1− s¯− 2γ¯, 2− γ¯, 12)}
(1− γ¯ − s¯) [F (1− γ¯, γ¯, s¯+ γ¯, 12)− 2F (−γ¯, γ¯; s¯+ γ¯; 12)] . (A2)
We insert these expressions for A and B in Eqs. (51) and (52), add them and use the identity
F (γ¯,−γ¯, γ¯ + s¯, z) + z γ¯
γ¯ + s¯
F (1 + γ¯, 1− γ¯, 1 + γ¯ + s¯, z) = F (1− γ¯, γ¯, s¯+ γ¯, z) . (A3)
This allows to finally express P˜ (z, s¯) as
P˜ (z, s¯) =
B1(γ¯, s¯) z
γ¯+s¯−1H1(γ¯, s¯, z) +B2(γ¯, s¯)H2(γ¯, s¯, z)
F
(
1− γ¯, γ¯, s¯+ γ¯, 12
)− 2F (−γ¯, γ¯, s¯+ γ¯, 12) , with, (A4)
H1(γ¯, s¯, z) = F (1− γ¯, γ¯, s¯+ γ¯, z)
H2(γ¯, s¯, z) = [ (1− γ¯ − s¯)F (1− s¯, 1− s¯− 2γ¯, 1− s¯− γ¯, z)− γ¯ F (1− s¯, 1− s¯− 2γ¯, 2− s¯− γ¯, z)] (A5)
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where
B1(γ¯, s¯) =
2γ¯ − 6(1− γ¯ − s¯)F (1− s¯, 1− s¯− 2γ¯, 1− s¯− γ¯, 12)+ 3(1− 2γ¯ − s¯)F (2− s¯, 1− s¯− 2γ¯, 1− s¯− γ¯, 12)
18γ¯ 2−(γ¯+s¯)
B2(γ¯, s¯) =
3
(
F
(
1− γ¯, γ¯, s¯+ γ¯, 12
)− 2F (−γ¯, γ¯, s¯+ γ¯, 12))
8(1− γ¯ − s¯)
The denominator in Eq. (A4) can further be simplified to
F
(
1− γ¯, γ¯, s¯+ γ¯, 1
2
)
− 2F
(
−γ¯, γ¯, s¯+ γ¯, 1
2
)
=
√
pi 21−γ¯−s¯ Γ[γ¯ + s¯]
Γ
[
s¯
2
]
Γ
[
1+2γ¯+s¯
2
] . (A6)
In order to obtain the relaxation properties we need to look at the poles of the function P˜ (z, s) in the Laplace variable
s. The poles are provided by the zeros of the denominator in Eq. (A4), which has a simpler expression as in (A6).
The zeros of the expression in (A6) come from the poles of either Γ(s¯/2) of Γ((1 + 2γ¯ + s¯)/2). This gives rise to two
families of zeros of (A6): the first one occurs when s¯ = sµ = −2n for n = 0, 1, 2, . . ., while the second one occurs when
s¯ = sµ = −(1 + 2γ¯ + 2m) for m = 0, 1, 2, . . .. The solution corresponding to n = 0, i.e. a pole at s = 0, corresponds to
the steady-state solution, while the slowest relaxation mode to the steady-state is decided by the zero closest to s = 0
on the negative s-axis. This can be either s = −2µ (corresponding to n = 1 in the first family) or to s = −(µ + 2γ)
(corresponding to m = 0 in the second family). Thus, comparing these two, we see that the slowest relaxation mode
corresponds to
s = −min(µ+ 2γ, 2µ) ,
and hence λ0 = min[µ+ 2γ, 2µ], as given in the second line or Eq. (61), corresponding to x0 = 0.
Appendix B: Occupation probabilities and the survival probabilities Q±(x0, t) of the RTP in V (x) = α|x|
potential
In this appendix, we consider the marginal case V (x) = α |x|. The stationary state was already discussed in the
text in section II. We saw that for α < v0 the stationary state is non-trivial and is given by
P (x) =
γα
v20 − α2
exp
(
− 2γα
v20 − α2
|x|
)
, −∞ ≤ x ≤ ∞ . (B1)
In contrast, for α ≥ v0, the stationary state is trivially a delta function at x = 0
P (x) = δ(x) . (B2)
It turns out that the full time dependent solution P (x, t), as well as the survival probability Q(x0, t) can be computed
explicitly in this case. Below we outline the main results.
Approach to the steady state. We first consider the case α < v0. As in the p = 2 case discussed in section III, in
this case also, the time-dependent equations (5) and (6) with f(x) = −α sgn(x) can be solved in the Laplace space.
Skipping details, we obtain for P˜ (x, s) = P˜+(x, s) + P˜−(x, s) the following explicit solution (for α < v0)
P˜ (x, s) =
2γv0 + sv0 − γα+H(s)
2(α+ v0)[sv0 − γα+H(s)] exp
(
−α(γ + s) +H(s)
v20 − α2
|x|
)
,
(B3)
where H(s) is given by
H(s) =
√
α2γ2 + v20s(2γ + s) . (B4)
It is easy to check that when s→ 0 the solution in (B3) behaves as
P˜ (x, s) ≈ 1
s
P (x) , (B5)
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FIG. 12. Left panel: We plot the numerically obtained Q(x0, t) as a function of t, on a semi-log plot, for fixed x0 =
√
2 and
v0 = 1.0. The three different colours correspond to three different choices of the parameters α and γ (from left to right): (i) for
γ = 1.0 and α = 0.5, (ii) γ = 2.0 and α = 0.5 and (iii) γ = 2.0 and α = 0.75. The numerical date are consistent with theoretical
predictions (solid black lines) which are obtained by performing inverse Laplace transform of Q˜±(x0, s) in Eqs. (B10) and
(B11). The large time tails are consistent with the theoretical predictions in Eq. (B14) and (B15). Right panel: We plot the
same survival probability Q(x0, t) as a function of time, for fixed x0 =
√
2 and v0 = 1, for two different values of α, respectively
α = 0.9 < v0 = 1 (red) and α = 1.1 > v0 = 1 (black). In the former case, the numerical data are consistent with the theoretical
result in Eq. (B14) with θ = γ(1−√1− α2/v20). In the latter case Q(x0, t) vanishes at a finite time, consistent again with the
theoretical argument.
where P (x) is given in Eq. (B1). This indicates that P (x, t) approaches to P (x) as t → ∞, thus recovering the
steady-state result for α < v0. To see how the system approaches to this steady state as a function of time, we need
to invert the Laplace transform P˜ (x, s) in Eq. (B3). In principle, it is possible. Ho ever, since we are interested
at the late time decay, we need to analyse the leading singularities of P˜ (x, s) in Eq. (B3). It turns out that this
leading singularity comes from the branch cut of the function H(s) in the complex s-plane, which happens to be on
the real line between s± = γ ± γ
√
1− α2/v20 . It is easy to show by performing the Bromwich contour integral that
the relaxation to the steady state (for 0 < α < v0) is exponential, i.e.,
P (x, t)− P (x) ∼ exp
[
−γ
(
1−
√
1− α
2
v20
)
t
]
. (B6)
For α = v0, the stationary solution is P (x) = δ(x) and the system approaches this stationary state again exponen-
tially for large t as
P (x, t)− P (x) ∼ exp (−γ t) . (B7)
This is consistent with the limit α→ v0 in Eq. (B6).
For α > v0, as discussed after Eq. (34), the system approaches the stationary solution P (x) = δ(x) in a finite time.
Thus the decay to the stationary state is faster than exponential. Summarizing the three cases, we get
P (x, t)− P (x) ∼ exp (−λ0 t) , (B8)
where the decay exponent λ0 is given by
λ0 =
{
γ
(
1−
√
1− α2
v20
)
, 0 < α ≤ v0
∞, α > v0 .
(B9)
Thus the decay exponent, as a function of α, undergoes a jump at α = v0. Note that, at variance with the case p = 2
in Eq. (61), the exponent λ0, as a function of γ, does not have a change of behaviour. In fact, the rate γ just appears
as an overall scale factor in the expression of λ0 in Eq. (B9).
First-passage properties. We consider the pair of backward Fokker-Planck equations for the survival probabilities
Q±(x0, t) as in Eqs. (68) and (69) with f(x0) = −α sgn(x0). We first consider the case 0 < α < v0. Solving Eq. (70)
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for the Laplace transforms, using the same method as for p = 2, we get (skipping details)
Q˜+(x0, s) =
1
s
[
1− γ + s− (α+ v0)λ(s)
γ
e−λ(s)x0
]
(B10)
Q˜−(x0, s) =
1
s
[
1− e−λ(s)x0
]
, (B11)
where
λ(s) =
−α(γ + s) +
√
v20(γ + s)
2 − γ2(v20 − α2)
v20 − α2
. (B12)
Once again, inverting this Laplace transform for large t (considering the dominant contribution from the branch cut
in the s-complex plane between s± = −γ ± γ
√
1− α2/v20 , we get for Q(x0, t) = (Q+(x0, t) +Q−(x0, t))/2
Q(x0, t) ∼ 1
t
exp
[
−γ
(
1−
√
1− α
2
v20
)
t
]
(B13)
for large t. It turns out that the result in Eq. (B13) holds for α = v0. In contrast, for α > v0, the survival probability
vanishes in a finite time, since the particle reaches x = 0 after a finite time. Summarising, for all α > 0,
Q(x0, t) ∼ 1
t
exp(−θ t) (B14)
where θ is given by
θ =
{
γ
(
1−
√
1− α2
v20
)
, 0 < α ≤ v0
∞, α > v0 .
(B15)
Thus, not surprisingly, the rate θ appearing in the late time exponential decay of the survival probability is exactly
the same as the relaxational exponent λ0 in Eq. (B9). In Fig. 12 we compare these theoretical predictions in Eqs.
(B14) and (B15) with numerical simulations and find excellent agreement.
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